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ABSTRACT. Our recent results on extended crystal PDE's are generalized to PDE's in the cat- 
egory ijg of quantum supcrmanifolds. Then obstructions to the existence of global quantum 
smooth solutions for such equations are obtained, by using algebraic topologic techniques. Appli- 
cations are considered in details to the quantum super Yang-Mills equations. Furthermore, our 
geometric theory of stability of PDE's and their solutions, is also generalized to quantum extended 
crystal PDE's. In this way we are able to identify quantum equations where their global solutions 
arc stable at finite times. These results, are also extended to quantum singular {supcr)PDE's, 
introducing {quantum extended crystal singular (super) PDE's). ^ 
AMS (MOS) MS CLASSIFICATION. 57R90, 53C99, 81Q99. 

KEY WORDS AND PHRASES. Integral bordisms in quantum PDE's. Quantum (super)gravity. Sta- 
bility. Extended crystal structures. 

1. Introduction 

In a previous paper [73] we proved that PDE's can be considered as extended crys- 
tals, in the sense that their integral bordism groups can be seen as crystallographic 
subgroups extensions. In this paper we aim generalize that result to quantum super 
PDE's. This is possible, since we utilize our geometric theory of PDE's considered 
in the category Q of quantum manifolds and in the category Qs of quantum su- 
pcrmanifolds [63, 64, 68, 69, 70, 71, 78, 79, 80]. Then we relate integral bordism 
groups of quantum super PDE's to crystallographic groups. The main results are 
Theorem 2.4 and Theorem 2.16. The first relates formal integrability and complete 
integrability of quantum PDE's to crystallographic groups. In this way we can 
consider quantum super PDE's as quantum extended crystallographic structures. In 
the second theorem, we identify an obstruction characterizing existence of global 
quantum smooth solutions. This is called quantum crystal obstruction of a quantum 
super PDE. Applications to quantum super Yang-Mills PDE's are given too. 
Another characterizing aspect of this paper is a new geometric theory for stabil- 
ity of quantum super PDE's and their solutions. This is made by extending to 
the category of quantum super manifolds £ls our previous geometric approach 



^See also companion paper [81]. 
Work partially supported by Italian grants MIUR "PDE's Geometry and Applications". 
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on commutative PDE's stability [72, 73, 74, 75, 76, 77]. Here a fc-order quan- 
tum (super) PDE is considered as a subset Ek C JD'^{W) of the /c-jet-derivative 
space JD''{W), built on some fiber bundle tt : W M, in the category of 
quantum smooth (super)manifolds. Then, to investigate the stability of a regu- 
lar solution D^s{M) = V C -Efc, of Ek C JD^{W), one considers the lineariza- 
tion of Ek at the solution V . The integrable solutions of the linearized equation 
{D^s)*vTEk = Ek[s\ C jb^{s*vTW) = jb''{E[s\), represent the infinitesimal 
admissible perturbations of the original solution. Then, if to an initial Cauchy 
data for such linearized equation there correspond solutions (perturbations) that 
or oscillate around the zero solution (of the linearized equation), or remain limited 
around such zero solution, then the solution s is said to be stable, otherwise s is 
called unstable. Taking into account that the linearized equation Ek[s\ belongs to 
a vector neighborhood of Ek, at the solution V , and that integrable solutions of 
Ek[s\ arc infinitesimal vertical symmetries of Ek, it follows that such perturbations 
deform the original solution V C Ek into solutions V d Ek such that, if V is stable, 
remain into suitable neighborhoods of the same V . When, instead the perturba- 
tions blow-up, then V is unstable. The blowing-up of the perturbation corresponds 
to the fact that such a solution of the linearized equation Ek [s\ is not regular in 
all of its points, but there are present singular points. Then in the cases where 
V is unstable, between the solutions of above type V , there are ones that are also 
singular and this fact just characterizes unstable solutions of Ek- This approach 
to the stability can be related to the Ljapunov concept of stability in functional 
analysis [34], and it is founded on the assumption that the possible perturbations 
can influence only the given solution, say V C Ek, but do not have any influence 
on the same equation Ek- 

On the other hand, we can more generally assume that perturbations can change 
the same original equation. In such a case we can ask wether a given solution of the 
original equation can change for "little" perturbations of the same equation. Then 
we talk about (un)stable equations. This last approach is, instead, related to the 
concept of Ulam (un)stability for functional equations [102]. 

We prove that all above points of view for stability in quantum (super) PDE's can 
be unifled in the geometric theory of quantum (super) PDE's on the ground of 
integral bordism groups. This extends to the category of quantum super PDE's, 
our previous results on the stability of commutative PDE's [72, 73, 74, 75, 76, 77].^ 
In this paper, the main results on the quantum super PDE's stability are the follow- 
ing. Theorem 3.18 that gives some criteria to recognize functional stability in any 
quantum (super) PDE's. Theorem 3.21 that relates functional stability with quan- 
tum (fc -|- l)-connections. Theorem 3.24 proving that to a formally integrable and 
completely integrable quantun (super) PDE, one can canonically associate another 
quantum (super) PDE ^^"^Ek, stable quantum extended crystal (super) PDE of Ek, 
having the same regular smooth solutions of Ek, but in '^^'^Ek these solution are 



For basic informations on the geometry of PDE's see also the following rcfs.[8, 15, 16, 19, 
35, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67]. For basic informations 
on some subjects of differential topology and algebraic topology, related to this paper, see also 
refs.[9, 22, 36, 45, 88, 93, 94, 97, 104, 105]. 
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stable."^ Theorem 3.30 that gives a criterion to recognize the average asymptotic sta- 
bihty with respect to quantum frames. Apphcations to quantum super d'Alembert 
equation and quantum super Navier-Stokes equation are considered too. 
FinaUy we extend above resuUs also to quantum singular (super) PDE's, and we 
characterize quantum extended crystal singular (super) PDE's. For such equations 
we identify algebraic-topological obstructions to the existence of global (smooth) 
solutions solving boundary value problems and crossing singular points too. 
The paper, after the Introduction, contains two more sections. In the first section 
we relate the integral bordism groups of quantum super PDE's to crystallographic 
groups and recognize a topologic algebraic obstruction to the existence of quantum 
smooth solutions. Applications of these results to the quantum super Yang-Mills 
equation are considered. In Section 3 we formulate a geometric theory of stability 
for solutions of quantum super PDE's. We follow some our previous works devoted 
to the algebraic topological characterization of PDE's stability and their solutions 
satibility [72, 73, 74, 75, 76, 77]. Thus, in this paper the stability of quantum 
(super) PDE's is studied in the framework of the geometric theory of quantum 
(super) PDE's, and in the framework of the bordism groups of quantum (super) 
PDE's. In particular we identify criteria to recognize quantum (super) PDE's that 
are stable (in extended Ulam sense) and in their regular smooth solutions do not 
occur unstabilities in finite times. We call such equations stable quantum extended 
crystal (super) PDE's. Applications to the quantum super d'Alembert equation and 
the quantum super Navier-Stokes equation respectively are explicitly considered. 
Section 4 is devoted to extend above results also to quantum singular super PDE's. 
The main results in this section is Theorem 4.8 that identifies conditions in order 
to recognize global (smooth) solutions of quantum singular super PDE's crossing 
singular points. There we characterize quantum 0-crystal singular super PDE's, i.e., 
quantum singular super PDE's having smooth global solutions crossing singular 
points, stable at finite times. 

2. INTEGRAL BORDISM GROUPS OF QUANTUM SUPER PDE's 
vs CRYSTALLOGRAPHIC GROUPS 

In this section we extend to quantum super PDE's our previous results on the 
algebraic topological crystal characterization of commutative PDE's.** 

Remark 2.1. Here and in the following we shall denote the boundary dV of a 
compact quantum supermanifold V , of dimension m\n, with respect to a quan- 
tum superalgebra A, .split in the form dV = Nq [J P[J Ni , where Nq and Ni are 
two disjoint (m — l\n — 1) -dimensional quantum .sub- supermanif olds of V , that are 
not necessarily closed, and P is another (m — l\n — 1)- dimensional quantum sub- 
supermanifold of V. For example, if V = x D^^^ , where c S"^^^ is 

the {r\s)- dimensional quantum superdisk, contained in the {r\s)- dimensional quan- 
tum supersphere, one has that dimT^ = (m + l\n + 1) and Nq = x {0}, 



■^This theorem allows to avoid all the problems present in the applications, related to finite 
instability of solutions. 

^Quantum super PDE's are PDE's in the category of quantum supcrmanifolds, in the sense 
introduced by A.Prastaro [55, 56, 59, 60, 61, 62, 66, 67, 68, 69, 76, 80]. 
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Ni = Z)™l" X {1}, P = X Z)i|i = 5'm-i|«-i X Therefore dimiVo = 

dimTVi = dimP = (m|7i). Note that since x f)^^^ = therefore we 

can also write dV = az)'"+i|"+i = S""l" = s-™-!!"-! x S^\^ . Since 

( ) ^ _5.m-l|«-l ^ ^1|1 y f)m\n ^ gO\0 _ 

Therefore, dV is obtained by means of the quantum surgering removing x 
-D^l^ C 5"™'". (For details on quantum surgering see [75] J Of course if V ~ 
gm\n X £,111^ i/jg„ P = 0, hence dV = 5"!" x {OjUS""!" x {1}.^ 
This example shows that if V is a solution of a quantum super PDE, then it can 
be obtained by propagating an initial Cauchy hypersurface X <zV , dimX = [m\n), 
by means of an integrable full quantum vector field Q :V TV = Homz{A] TV), 
d(j) = Q, where (jj : A x V ^ V . (See Fig.l.) 




ap)eTpV=Hom2(A;TpV) 

Figure 1. Quantum solution V , of dimension {m + \\n + l) over 
a quantum superalgebra A, propagating X, dimX = (m|n). 

Let us emphasize also, that in some cases solutions can be obtained also by flows 
of integrable vector fields : V TV, i.e., ( = dtp, with tjj : M. x V V . 
For example if V ^ ]jm\n ^ j ^j^^ j ^ jq^ -[_] c M, then dimF = m + l\n, and 
dV = MQ[jP[jMi, withP = 5""-i|"-i X/, A/o = x {0}, Mi = i)™!" x{l}. 
So we get dimP = m\n — \, dimAfp = dimA/i = m\n. Therefore dV has some 
components (Mq and Mi) that have only the even dimension dropped by 1, with 
respect to V, and other one (P) where also the odd dimension drops by 1. 
Let us also recall that with the term quantum solutions we mean integral bordisms 
relating Cauchy quantum hypersurfaces of Ek+s, contained in J^^^W), but not 

necessarily contained into Ek+s. (For details see re/s. [69, 70, 71, 79].^ 
Definition 2.2. We say that a quantum super PDE E^ C Jm\„ {W) is an quantum 

extended 0-crystal super PDE, if its weak integral bordism group ri^'li|„_i ^ is 
zero. 



^Recall that a {m\n)- dimensional quantum supersphere, 5""'", over a quantum superalgebra 
A, is the Alexandrov compactification of A"^^" , i.e., 5'"!" = A'"l"U{oo}. A {m\n) -dimensional 
quantum superdisk over a quantum superalgebra A, is a connected compact sub-supermanifold 
£,m|n ^ §7n\n^ q£ dimension m\n over A, such that dD"^^" S gm-iln-l^ ^ ^ ^j^j^ boundary 
Q£)m\n (Jiffeomorphic to S'ti-iI'i-i. For details on such quantum supermanifolds see [79]. 

^We denote disjoint union by the symbol U or IJ. 
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Theorem 2.3. (Criterion to recognize quantum extended 0-crystal super PDE's). 
Let Ek C >/m|„(W^) be a formally quantum integrahle and completely quantum su- 
perintegrable quantum super PDE such that W is contractible. If m — 1 ^ and 
n — 1 ^ 0, then Ek is a quantum extended 0-crystal super PDE. 

Proof. In fact, one has the following ismorphisms, (see [70]): 



(2) 



Thus, when W is contractible, and m — 1 ^ 0, n — 1 ^0, one has H„i^i{W:K) = 
if„_i(iy;K) = 0, hence we get 1^^1i|„_i,^ = 0. □ 



Theorem 2.4. (Crystal structure of quantum super PDE's). Let Ek C J^^n^^) 
a formally quantum superintegrable and completely quantum superintegrable quan- 
tum super PDE. Then its integral bordism group is an extension of some 

crystallographic subgroup G<iG{d). We call d the crystal dimension of Ek and G{d) 
its crystal structure or crystal group. 



Proof. Let us first note that there is a relation between lower dimensions integral 
bordisms in a commutative PDE. In fact, one has the following lemma. 



Lemma 2.5. (Relations between lower dimensions integral bordisms in commu- 
tative PDE's). Let Ek C J^iW) be a PDE on the fiber bundle tt : W M , 
dimM^ = m -\- n, dim Af = n. Let ^Cp{Ek) be the set of all compact p-dimensional 
admissible integral smooth manifolds of Ek. The disjoint union gives an addi- 
tion on ^Cp{Ek) with as the zero element. Let us consider the homomorphisms 
dp : ^Cp{Ek) — >■ ^ Cp-i{Ek) that associates to any element a G ^Cp{Ek) its bound- 
ary da = dp{a) . So we obtain the following chain complex of abelian groups (integral 
smooth bordisms chain complex); 



(3) ^CniEk) ^Cn-l{Ek) ''C^-2{Ek) ^ ^Co{Ek). 



Then the p-bordism groups ^p'° , < p < n, can be represented by means of the 
homology of the chain complex (3). 
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Proof. Let US denote by {^C,{Ek),d,} the chain complex in (3). Then, we can 
build the following exact commutative diagram: 

(4) 



where 



'Bor,{Ek) 



'Z,{Ek)' 



'C,iEk) 



'CyciEk 



'H,{Ek)' 



^B,{Ek) = ker(9|.); ^ Z,{Ek) = im (9.); 
^H,{Ek) = ''Z,{Et,)/SB,{Ek), 



6e [a] G ^Bor,{Eu) 



a 



b^dc;ce '^C.{Eu); be[a]e ^CydEk) d{a - b) = 0; 



da = db = 
a — b = dc. 



ce'^CiEk) 



Then from (4) it follows directly that 17^'= = ^Hp{Ek), < p < n. 



□ 



Lemma 2.6. (Relations between integral bordisms groups in commutative PDEs). 
One has the following canonical isomorphism: 



(5) 



Z(g)Z^Sor.(^fc) = Z'^CyciEk). 



Proof. Follows directly from the extension of groups given at the bottom of the 
commutative exact diagram (4) and some properties between extension of groups. 
(See, e.g., [57].) □ 

Lemma 2.7. (Relations between integral bordisms groups in commutative PDEs- 
2). If H'^{^Cyc,{Ek),^f'') = one has the following canonical isomorphism: 

(6) ^Bor.iE,,) ^ nf" X ^Cyc,{Ek). 

Proof. Follows directly from the extension of groups given at the bottom of the 
commutative exact diagram (4) and some properties between extension of groups. 
(See, e.g., [57].) □ 



^CyCn~i{Ek). Such an example is, e.g., the d'Alembert 
on the trivial fiber bundle n : W = M.^ ^ M = K.'^ , 



Example 2.8. In particular if Ek C J^'(W^) is a 0-crystal PDE with fi^l^ — 0, 
one has: ^ Born-i{Ek 
equation uu^y — u^Uy 
{x,y,u) I— >■ {x,y). In fact, in such a case one has flf ^ = and also ^ Bori{d' A) = 
^Cyci{d' A) = 0. (For the integral bordism group of this equation, and its general- 
izations, see Refs.[57, 65, 73, 76, 82].) 
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Lemma 2.9. (Integral ringoid of PDE). A ringoid is a structure (A, +,•), where 
A is a set and + is a binary operation such that (A, +) is an abelian additive group 
with zero S A; • is a partially binary operation, i.e., it is defined only for some 
couples (a, b) G A x A, such that it is associative, and distributive with respect to 
+, i.e., if a ■ b and a ■ c are defined, then it is defined also a ■ {b + c) = a ■ b + a ■ c. 
A graded ringoid is a set A — ®„^nj where each An is an abelian additive group 
and there is a partial binary operation ■, associative, and distributive with respect 
to +, such that if a E An, b G Am, then a - b E A,„+„, whenever it is defined. 
Let Ek C Jn{W) be a PDE, with ir : W ^ M a fiber bundle, dimW = m + n, 
dimAf = n. Then the integral bordism groups 0,^'' , <p<n — l, identify a graded 
ringoid flf'' , that we call integral ringoid of Ek , that is an extension of a graded 
ringoid contained in the nonoriented bordism ring f2,. 
One has the following commutative diagram 
(7) 






where 'H.,{Ek) = ®g<p<„_j^ Hp(i?fc), that allows us to represent differential p- 
conservation laws of order k by means of ringoid homomorphisms ftf'' — >■ R, and 
as extensions of ringoid homorphisms K^'^ R. 

Proof Set 

(8) nf-^ 

0<p<n-l 

Each arc additive abelian groups, with addition induced by disjoint union, 

y. Furthermore, there is a natural product induced by the cartesian product, i.e., 
[Xi] ■ [X2] = [Xi X X2] e n^^\p^, for [X,] e r!^^ < p, < n - 1, ^ = 1,2, 
< pi + p2 < n — 1. This product it is not always defined for any closed admissible 
integral manifolds Xi, i = 1,2, but only for ones such that Xi x X2 is a closed 
integral admissible manifold. Therefore Jl^* is a graded ringoid. Set = 
®o<p<Ti-i ^p- ^ natural way a graded ringoid structure, with respect the 

same operations with respect to which is a graded ring. Furthermore, for any 
< p < n — 1, one has the following exact sequence, (see proof of Theorem 3.16 in 
[71]), 



(9) 



^ Qn ^ 
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As a by-product one has also the following exact commutative diagram: 
(10) 



where K^" = 0o<p<„_i Kp\ 

A full p-conservation law is any function / : il^'' — s-M, 0<p<n— 1. These, 
identify elements of H,(£'fe) = 0o<p<n-i Hp(i?fc) in a natural way. In H,(i?fc) are 
contained also ones identified by means of differential conservation laws of order k, 
identified with OiEk)* = ®o<g<n-i ^(^^fe)^ with 

.... nHE,)nd~\cn''+^{E,)) 

^ ' ^ ~ dni-^Ek)®{cn^{Ek)nd-^{cn''+\Ek))}' 

Here, Vl'^{Ek) is the space of smooth g-differential forms on i?^. and Cfl''{Ek) is 
the space of Cartan q- forms on E/^, that are zero on the Cartan distribution E^. of 
Ek. Therefore, /? G CQ^iEk) iff /3(Ci, ■ • ■ = 0, for aU ^ € C°°(Efc) J Any a e 
3{Ek)* identifies a ringoid honiomorphism f[a] : R. More precisely one has 

f[a]{[Xi] + [X2]) a,Xi > + < a,X2 >, for [a] e [Xi], [X2] G ^!^^ and 

/[a]([Xi]-[X2])=<ai,Xi ><a2,^2 >, for [a] - [ai] + M e ® 3(SfcF^ 

In the following we extend above results to PDE's in the category O5. 

Lemma 2.10. (Relations between lower order integral bigraded-bordisms in quan- 
tum super PDE's). Let Ek C J^\n^W) he a quantum super PDE on the fiber bundle 
n : W ^ M, dims W = (m|n,r|s), dim^ Af = m\n, B ~ A x E , E a quantum 
superalgebra that is also a Z -module, with Z = Z{A) the centre of A. Let ^ Cp\q{Ek) 
he the set of all compact p\q-dimensional, (with respect to A), admissible integral 
smooth manifolds of Ek, < p < m, < q < n. The disjoint union gives an addi- 
tion on ^ Cp\q{Ek) with as the zero element. Let us consider the homomorphisms 

dp\q : ^ Cp\q{Ek) ^ Cp-i\q-i{Ek) that associates to any element a S ^Cp\q{Ek) its 
boundary da = dp\q{a). So we obtain the following chain complex of abelian groups 
(integral smooth bigraded-bordisms chain complex) of Ek C J^n\n^)' 
(12) 

Cm|„(-Bfc) C,„_i|„_i(-Ek) Cm_2|Ti-2(-Efc) ' ' ' *" C m - r\n - r(Eh) 

where r = min{m, n}. Then the p\q-integral bordism groups ^p^q, [tti — r) < p < m, 
in ^ r) < q < n, can be represented by means of the homology of the chain complex 
(12). 



'^€ons{Ek) can be identified with the spectral term E^'^~^ of the spectral sequence associ- 
ated to the filtration induced in the graded algebra f2*(_Eoo) = ®q>o^'^{Eoo), by the subspaces 
Cr2'(-Boo) C Q,''(Eoo)- (For abuse of language we shall call "conservation laws of fc-order", char- 
acteristic integral (n — l)-forms too. Note that C^l'^{Ek) = 0. See also Refs.[59, 61, 68].) 
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One has the following canonical isomorphism: 

(13) Z(g)Z^Bor.|.(^fc) = Z^Cyc.\.{Ek). 



Furthermore, if H^{^Cyc,\,{Ek),n'^^,) =0 one has the following canonical isomor- 
phism: 

(14) ^Bor,\,{Ek) = n^l, X ^C2/c.|.(4). 

Proof. The proof can be conduced similarly to the ones for Lemma 2.5, Lemma 2.6 
and Lemma 2.7. □ 

Similarly we can prove the following lemma concerning the total analogous of the 
complex (12) too. 

Lemma 2.11. (Relations between lower order integral total-bordisms in quantum 
super PDE's). Let Ek C J^\„(W) be a quantum super PDE on the fiber bundle 
IT : W ^ M, dmiBW = {m\n,r\s), dim^i i\f = m\n, B ^ A x E , E a quantum 
superalgebra that is also a Z -module, with Z = Z{A) the centre of A. Let ^Cp{Ek), 
< p < m + n, be the set of all compact u\v- dimensional, (with respect to A), 
admissible integral smooth manifolds of Ek, such that u -\- v = p. The disjoint 
union gives an addition on ^Cp{Ek) with as the zero element. Thus we can write 

(15) ^Cp{Ek)= ^C„|„(^fc) =^°*'^Cp(^fc). 

u^v\u+v—p 

Let us consider the homomorphisms dp : ^Gp{Ek) ^ ^ Gp^i{Ek) that associates to 
any element a G ^Cp{Ek) its boundary da = dp{a), i.e., one has: 

dpO = 9p(ap|o, flp-iii, ap_2|27 • • • ,o.o\p) 

(16) = (SpioOpio, 9p~i|iap-i|i, 9p_2|2ap-2|27 • • • ,do\pao\p) 
e e„,.;„+„=p-i 'C^\v{h) = 'Cp.^iEk). 

One has dp-i o dp = 0. So we get the following chain complex of abelian groups 
(integral smooth bigraded-bordisms chain complex) of Ek C >^m|„(W^)- 

(17) SCn{Ek) ^Cn-liEk) ^Cn-2iEk)"-^ ' ' ' ^Co(^fe). 

Then the p-integral total bordism groups H.p'' , < p < m + n, can be represented 
by means of the homology of the chain complex (17). 
One has the following canonical isomorphism: 

(18) Z(g)Z^Bor.(£;fe) = Z'^CyciEk). 

Furthermore, if H^ifCyciEk),^^") = one has the following canonical isomor- 
phism: 

(19) ^Bor,{Ek) ^ X 3Cyc,{Ek). 

Proof. The proof is similar to the one of Lemma 2.10. □ 
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Lemma 2.12. (Integral ringoid of PDE's in £ls and quantum conservation laws). 
Let Ek C J^\n{W) he a PDE in the category Qs as defined in Lemma 2.11. Then, 

^m'' = ®o<p<m+n ■ ^'^^ ^ natural structure of graded ringoid, with respect 
to the (partial) binary operations similar to the commutative case. We call Vl^'^ 
the integral ringoid of Ek. Furthermore, quantum conservation laws of order k, 
f € Map{^^^^,Bk) = Hp|q(£^fe), can he projected on their classic limits f ^ fc = 

CO / G Afap(ri^^, K) = 'iiLp\q[Ek)c ■ By passing to the corresponding total spaces, 
we get the following exact commutative diagram: 



(20) 







Hp|5(-Efc) 



H.(£;fe) 







'H.p\q{Ek) 



c ■ 



■H.(^, 



k)C 







Moreover, graded ringoid hmomorphisms h G Horjiringoidi^f'',^), can be identified 
by means of classic limit quantum conservation laws of Ek . One has the following 
exact commutative diagram: 



(21) 



0' 



Horur 



^H.(^0 







H.(Sfc) 



■H.iEkh 







that defines a subalgehra ^H,(ijfc) o/H,(i?fc), whose elements we ca^/ rigid quantum 
conservation laws, and whose classic limit can be identified with ringoid homomor- 
phisms flf'' K. In particular, quantum conservation laws arising by full quantum 
differential form classes 

,,,, / N eep,,>„ 3(4)^1^ 



dOP-ii<!-i(£;j^)©{copi9(_E;,)nd-i(cnp+ii9+i(£;fc)))} 



belong to "lI.{Ek). 

Proof. The proof follows directly from above lemmas. (For details on spaces 3(i?fc)^'' 
see Refs.[63, 68, 70].) □ 

Let us, now, denote Q (or Q f^fo), the classic limit of integral (p|(7)-bordism group 

of Ek, i.e., the {p + g)-bordism group of classic limits of integral supermanifolds 
N C Eki such that dim^i ^ p\q. Furthermore, let us denote by qS^^ the classic 

limit of total integral {p + (7)-bordism group of Ek, i.e., the (p + (7)-bordism group 
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of classic limits of integral supermanifolds N C Ek, such that dimyi N = u\v, with 
u + V = p + q. One has the following exact commutative diagram: 



(23) 



p\q 



p+q 



p+q 



n 



p+q 



Ek 

rn — 1 1 n — 1 ' 



p\q 



Taking into account Theorem 3.6 in [70] we get a relation between $7 

and the bordism group f2„i+n-2- In fact, we can see that there is a relation between 
integral bordism groups in quantum super PDEs and Reinhart integral bordism 
groups of commutative manifolds. More precisely, let No,Ni C Ek C J^\ni^) 
closed admissible integral quantum supermanifolds of a quantum super PDE Ek, 
of dimension (m — l|n — 1) over A, such that A'q IJ A^i = dV, for some admissi- 
ble integral quantum supermanifold V C Ek, of dimension {m\n) over A. Then 

{No)c U(^i)c = dVc iff {No)c and {Ni)c have the same Stiefel- Whitney and Eu- 
ler characteristic numbers. In fact, by denoting the Reinhart p-bordism groups 
and f2p the p-bordism group for closed smooth finite dimensional manifolds respec- 
tively, one has the following exact commutative diagram 
(24) 



0- 



-l|n— l;m+n— 2 



0- 



Ek 



K. 



-l|n-l 



t 



Ek 







t 

'm-\-7i — 2 




m+n — 2 







This has as a consequence that if A^oU^i ~ then {No)c{J{Ni)c = dVc iff 
{No)c and {Ni)c have the same Stiefel- Whitney and Euler characteristic numbers.^ 
From above exact commutative diagram one has that D,^'' , , , is an extension of 

^ m — l|n — 1 

a subgroup of flm+n-2- 

Let us consider, now, the following lemmas. 

Lemma 2.13. [73] Bordism groups, Qp, relative to smooth manifolds can be con- 
sidered as extensions of some crystallographic subgroup G<\G{d). 

Lemma 2.14. // the group G is an extension of H , any subgroup G <\ G is an 
extension of a subgroup H <\ H . 

Proof. In fact G is an extension of p{G) < H , with respect to the following short 



exact sequence: ■ 



K- 



G- 



H 



■0 



□ 



^Note that for 



P- 



■ 3 one has k2 = 0, hence one has Sit = ^3. 
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Therefore by using: above two lemmas, we set also that Q, '' -, is an extension 

o ! o m— l|n— 1 

of some crystallographic subgroup G < G{d). □ 

The theorem below relates the integrability properties of a quantum super PDE to 
crystallographic groups. Let us first give the following definition. 

Definition 2.15. We say that a quantum super PDEEk C J^|„(W^) is an extended 
crystal quantum super PDE, if conditions of Theorem 2.4 are verified. Then, for 
such a PDE Ek are defined its crystal group G{d) and crystal dimension d. 

In the following we relate crystal structure of quantum super PDE's to the existence 
of global smooth solutions for smooth boundary value problems, by identifying an 
algebraic-topological obstruction. 

Theorem 2.16. Let Bk be the model quantum superalgebra of j'^\„{W), k > 0. 

(See [69, 70].) We denote also hy Boo = lim^Sfc.^ Let Ek C J^r,\n{W) he a quantum 
formally integrable and completely qunatum superintegrable quantum super PDE. 
Then, in the algebra H,„_i|„_i(i?fc) = Map{il^_^^_^; B^), Hopf quantum super- 
algebra of Ek, there is a quantum sub-superalgebra, (crystal Hopf quntum super- 
algebra) of Ek.^^ On such an algebra we can represent the quantum superalgebra 
B'^^'^^ associated to the quantum crystal supergroup G{d) of Ek. (This justifies the 
name.) We call quantum crystal conservation superlaws of Ek the elements of its 
quantum Hopf crystal superalgebra. Then, the obstruction to find global smooth so- 
lutions of Ek, for integral boundaries with orientable classic limit, can be identified 
with the quotient 'H.^_i\n-i{Eoo) / B^^"^^'^ . 

Proof. Let Nq,Ni C Ek be two respectively initial and final, closed compact Cauchy 
data of Ek. Then there exists a weak, (resp. singular, resp. smooth) solution 

V C Ek. such that dV = NaVjN^, ^ X = Na[jN^ e [0] € r!,t-i|„-i,»' (^^sp. 

X G [0] e f^^^li,,,.!,,, resp. X e [0] e l^^^_i|„_i). Let Xq be orientable, then 
X is the boundary of a smooth solution, iff X has zero all the integral char- 
acteristic quantum supernumbers, i.e., < a,X >= 0, Va G Hm_i|„_i(i?oo) = 
Map{fl^^^^_-^^, Boo). Taking into account the following short exact sequence: 
^ ^^-i\n-i,w ^ whcrc fi„i+,i-2 < G{d), for some crystallographic 

group G(d), we get also the following short exact sequence: Hm-i|n-i(£'cx)) ^ 

can be identified with a subalgebra of H,„_x|„_x(i?oo)- 
Then the obstruction to find smooth solutions can be identified with the quotient 

H„,_i|„_i(i?oo)/i32r^""^ Taking into account that flm+n-2 < < G{d), 

we can also represent i3^™+"-2 with 5^"^""^, or with b'^'^\ Thus, it is justified 

also call _B^™^""^ as crystal quantum superlaws algebra oi Ek. D 

''We also adopt the notation Bi;{A) and -Boo (A), whether it is necessary to specify the starting 
original quantum super algebra A. 

-'^'^Rccall that with the term quantum Hopf superalgebra we mean an extension 

A C = A CgiK H s- D D/C s- , where H is an Hopf K-algcbra and A is a 

quantum superalgebra. (For more details on generalized Hopf algebras, associated to PDE's, see 
Refs.[58, 59, 70].) 
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Definition 2.17. We define crystal obstruction of Ek the above quotient of alge- 
bras, and put: cry{Ek) = H,„_i|„_i(£^oo)/S^'"^"~^. We call quantum 0-crystal 
super PDE a quantum super PDE Ek C J^n\n^^) such that cry{Ek) ~ 0. 

Remark 2.18. A quantum extended 0-crystal super PDE Ek C 'Vi|n(^) '^'^^^ 
not necessitate to be a quantum 0-crystal super PDE. In fact Ek is an extended 
0-crsutal quantum super PDE if fl^'' , =0. This does not necessarily implies 

^ ^ ^ •' 77i—l\n—l,w ^ ^ 

that = 0. In fact, the different types of integral bordism groups of PDE's 

in the category Lis, o,'"'^ related by the following proposition. 

Proposition 2.19. (Relations between integral bordism groups). [70] The different 
types of integral bordism groups for a quantum super PDE, are related by the exact 
commutative diagram reported in (25). 

(25) 



>-K, 



m—l\n~l,w/{s.'w) 7rL—l\7i—l.w 



K^" , I , ^ 

m—l\n—l,s,w 



-l|n-l,. 



m — l\n — l.s 





One has the canonical isomorphisms: 



rn- 


-1|ti 


— l,w/{s.w) 


m — 1 1 n — 1 , s 


rn — 




-1' m — l 


n — l,s ^m— Ijn— l,s 


m — 


l|n- 


m — 


l|n— l,s,'LU m—l\n—l,w 


m — 


l\n- 


-11 ^^m-l 


— ft^'' 
n — l.,w m—l\n—l,w' 



Corollary 2.20. Let Ek C J^ini^) ^ quantum 0-crystal super PDE. Let 
Nq,Ni C Ek be two closed initial and final Cauchy data of Ek such that X = 
-^0 U -^1 € [0] G ^m-i|n-ij o,i^d, such that Xc is orientable. Then there exists a 
smooth solution V C Ek such that dV = X . 

Example 2.21. (Quantum extended crystal SG- Yang-Mills PDE's.) Let us in- 
troduce some fundamental geometric objects to encode quantum supergravity. (See 
also our previous works on this subjects that formulate quantum supergravity in the 
framework of our geometric theory of quantum super PDE's [61, 66, 69, 76, 78].^ 
The first geometric object to consider is a quantum Riemannian (super)manifold, 
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{M,'g), of dimension m, with respect to a quantum algebra A, where g : AI ^ 
Homz{TQM]A) is a quantum metric. We shall assume that M is locally quantum 
(super) Minkowskian, i.e., there is a Z -isomorphism, (quantum vierbein); 

(27) e{p) : TpM ^ A ®H Mc, Vp G M, 

where TpM is the tangent space, at p E M , to M , and Mc is the m-dimensional 
vector space of free vectors of a m-dimensional affine Minkowsky space-time. Equiv- 
alently a quantum verbein is a section 9 : M ^ Homz{TM; E) = E (g)^ (TAI)^, 
where E is the trivial fiber bundle n : E = M x A (g)^^ Mc- Let us denote by 

g € 5*2 (Mc) the hyperbolic scalar product with signature (+, ' ' ' )■ 9 induces a 

A-valued scalar product, g, on Ai^rMc, given by g{a(E)u, b(E)v) = ah g{u, v) e A. By 
using the canonical splitting Homz{T^{A (g)^ Mc; A) = Homz{S^(A ®r Mc; A) © 
Honiz{h.^{A (g)R Mc; A), we get also the split representation g ^ g, + g, More 
precisely one has 

(28) g^^^{a(g)u,b(g)v) = [a,b]+g{u,v), g^^^{a (g) u,b (g) v) = [a,b]-g{u,v). 

Furthermore, if (e^) is a basis in Mc, and (e^) is its dual, characterized by the 
conditions e^e^ = 5^, let us denote respectively by {1 ® Ca) and ((1 ® e^)^) the 
induced dual bases on the spaces A (8)r Mc and {A ®r Mc)"'' respectively. Then 
one has the following representations 



(29) 



2 

3 = ff„^(l«'e")+® (l«.e^)+, g^^&A 

2 

i(s) = ff(.)"'3(l ® e")+ • (1 e/)+, g^^.^^p e A 

2 

i(a) = 5(,)"/?(l ® e") + A(l ® e^) + , g^^^^p e A. 



By means of the isomorphism 9® , we can induce on M a quantum metric, i.e., 
the quantum Minkowskian metric of M, g = g o 9® . Conversely any quantum 
metric g on M , induces on the space A®r Mc, scalar products, for any p £ M : 
g{p) ~ g{p) o {(^'^{p))^^ ■ by-product, we get that any quantum metric g on 

M , induces a quantum metric on the fiber bundle n : E ^ M , that we call the 
deformed quantum metrics of tt : E ^ M. Therefore, when we talk about locally 
Minkowskian quantum manifold M , we mean that on M is defined a Minkowskian 
quantum metric. Since Homz(TM] A <S)^ Mc) = A ®r Mc ®^ (TM)^, we can 
locally represent a quantum vierbein in the following form: 

(30) f®l^(g)^f dx", 

where 1 ® £ Homz{A; A (X)r Mc), is the full quantum extension of a basis 
{ea)o<a<m-i o/Mc, i.e., l®e^(a) = a^ep. Furthermore, 9^{p) S A. Then, 
if Q : M ^ TM = Homz{A]TM) is a full quantum vector field on M, locally 
represented by ( = dxaC", we get that its local representation by means of quantum 
vierbein, is given by the following formula: 

(31) ^(0 = ^fiOiC, 



QUANTUM EXTENDED CRYSTAL PDE'S 



15 



where the product is given by composition: 



(32) 



A= 



A- 



■M 



c 



(For abuse of notation we can also denote 0(C) by C yet.) Whether g ~ gafjdx"' 
dx^ , is the quantum Minkowskian metric of M, then its local representation by 
means of the quantum vierbein is the following: 



(33) 



9 = 9aujdx°' (E) dx" 

2 



where 0^ ® eZip), can be identified with 9^ (g) §Z{p) 6 Homz{tg{A)]tg{A)). In 
fact, one has the following extension 0^ of 9: 



(34) 



e HomziT ®zTM ; {A Mc) ®z {A (g)K Mp)) 
^ {A ®R Mc)®r{A ®R Mc) <S>a(.'^^ ®z TM)+. 



Locally one can write 

(35) ^® = (1 ® e-ylVTl ® e^) ®9l®tp dx° ® da;'^. 
In fact, we have 

(36) 5(c,e) -?(f®T0^^r,f®~^7^2;r) = oicozc giep.e^) = ^fr^zr 5 



/n i/ie particular case that (ep) is an orthonormal basis, then we get the following 
quantum Minkowskian representation for g 



/ 1 .-. \ 

(37) (?a.)=^^® ^2^/37, ivf3y)^ ..^ 

V ••• -1 y 

The splitting in symmetric and skewsymmetric part ofg, i.e., 

(38) g = g(s) + g(a) = dap dx" • dx'^ + gap dx"Adx^ 
can be written in term of quantum vierbein in the following way: 

9® =9® + 

9® ^{l® e.^)®{l ® eu,) (E) 91(g) 9'^ dx" • dxl^ 

(39) ^ 9'^ = {l®e^i)®{l®e^)®9l®9'^p dx^'lxdx^ 
5(.)(C, = [^^C, ^2;^]+ gp^, ^ 9(s)a^ =0i'0l g^^ 

^ ?(a)(C,0 = [O^aCJZi'^]- 9p^,^9ia)c.u. 



Conversely, the local expression of the quantum deformed metrics on tt : E ^ M , 
induced by a quantum metrics g on M , is given by the following formulas: 
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(40) 



(^Q)-i + (0^)^i 



(6»®)-i = dxo, • dxf} ® 6*^ 6*^5 (1 ® 6'^)+ . (1 ® e")+ 
(^^)-i = dx^Adxp ®e^(de^{l® eT)+A(l e'^)+ 
5(C" «> e„, ® e^) = 57-^2 C" ® ^^^^ ^ = ?7-^2 



> ■9(a)al3 

In the particular case that g is Minkowskian, then we can use for g-yui, gis)^^ 
and 5(a) 70; the corresponding expressions in (33), and by using the property that 
0^01 = (5*, we get g^^ = 5^^, g^^)^^ = g^^^^^ and ^(a)^^; = 5(^)7'^- The con- 

trovariant full quantum metric g ofg : M ^ Homz{TQM] A) is a section g : M ^ 

Homz{A;T^M) such that the following conditions are satisfied: 

(41) 

2 

dxa^dxpg'^^, g = (jj^dx^ ® dx'^ , g°-f^{p) e Homz{A®z A] A), g^pip) e A 
h^ipWip) = <5f! e M c 1, g^f'ipyj^^ip) = <5f! e M c Homz{A ®z A- A®z A). 

The products in (41) are meant by composition: 
(42) 

"""(P) J „ . a Clip) . . _ , 9a 



-A( 



A- 



Ai 



A- 



,ip) 



-A- 



■A( 



A. 



St 



In the following commutative diagram it is shown the pairing working between the 
fiber bundles (TqAI)^ and T^M over M . 

'. — ^ . <,> ^ 



(43) 



TgMxMiT^Aiy 



A 



pr2 



M xA 



1 



(44) 1 <p,g>=irta^ = -'5^ 



1 



A' 



m, dim^ M = m 

771 + n, dimyi M = m\n. 



^0^" yyAy-^o^'^j tr 

In particular, one has: 

1 ^ ^ 1 
— I 

s s' ' s 

It is direct to verify that 'g"^ = ^2 ® O^g""^ is the controvariant expression of the 
full quantum metric gap — ^2 ®^$9^g! when g^'^ is the controvariant one of g^^. In 

other words if g^^g'^'^ = ^'s^ then gajd"^ = 5^. This means that the full quantum 
metric g, induced on A ®^ Mc by g, is not degenerate, i.e. one has the following 
short exact sequence: 



(45) 



0- 



Mr 



{A®v, 



In fact, one can see thatkeiCg) = {0}. Really, 'g{aCSiv){b(^u) = abg{v,u) = 0, for 
allb G A and u £ Mc iff a = Q or v ~ Q. In fact we can take b = 1 and u any vector 
o/Mc- So, since g is not degenerate, it follows that cannot be g{v,u) = 0, for a 
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non zero v, and \/u £ Mp. The nondegeneration of g induces also the following 
isomorphism A Mc = (A Ok Mc)+. 

We define quantum supergravity Yang-Mills PDE, (quantum SG-Yang-Mills PDE) , 
a quantum super Yang-Mills PDE where the quantum super Lie algebra g in the 
configuration bundle tt : W = Homz{TM; q) ^ M is a quantum superextension of 
the Poincare Lie algebra and admits the following splitting: 

(46) = 0® + 0© + fl* 

where g^) = AcsJrMc, (resp. Q@ is the quantum superextension of the Lorentz part 
of the Poincare algebra). Here A is a quantum (super) algebra on which is modeled 
the quantum (super)manifold M , and Mp is the A- dimensional Minkowsky vector 
space. Taking into account the canonical splitting: 

(47) Homz{TM- g) = Homz{TM-Q@) x Homz{TM-Q@) x Homz{TM- g^,) 

we get that the fundamental field ft : M ^ W , in a quantum supergravity Yang-Mills 
PDE, admits the following canonical splitting: 

(48) A = A® + A© + A*- 

We say that fl is nondegeneratc if identifies, for any p G Af , an isomorphism 
A®(p) • TpM = A ®R Mc, hence /tg can be identified with a quantum verbein on 
M: /t@ = 9. Then we define (resp. fi@, resp. fii^), the vicrbcin-componcnt, 
(resp. Lorentz-component, resp. deviatory-componcnt of ji. This property is 
represented, in local quantum coordinates, by the fact that in the following formula 

(49) A = (yuf dx^) = (/i@f dx^ + fi^f dx^ + fn^fdx^) 
one has {^l@A{p)) ^ GL{A;A). 

An example that we have just considered in some previous works [63, 64, 71, 78, 80], 
is when the quantum Lie superalgebra g is identified by means of the following 
infinitesimal generators: {Zk}i<k<19 = {Jap, Pa, Z,Qi3i}o<a,p<3:i<a<2, such that 
JajS = —Jfja,Pa,Z £ Homz{AQ]Q), Q pi G Homz{Ai;g), and such that nonzero 
1j2-gfaded brackets are reported in Tab.l. 

Tab.l - IW=2 Super Poincare algebra. 

[Jafi,J-,s]=V^-lJaS+Va5Jli-, — 1a~i J 5 — V S Jay 
[P„,P^]=0, [Jal3,P-,]=VMPli-Va,-,Pf, 

[■^g,QTil = (gc;3)^^Q„. [Qf,,,Qf.j] = iC'f''}p^S,iP^+Cf,^ei,Z 

Here Cap is the antisymmetric charge conjugation matrix, ap^ = ^[7/3,7^], with 
7^ the Dirac matrices. Z commutes with all the other ones. Then, fi@"^ = 5^"^, 
A©7 = ^7 J A* = (^7i'07"')j where ui"^ are called quantum Levi-Civita connec- 
tion coefficients, 61^ are the quantum vierbein components, are the quantum 
electromagnetic field components and ip'^-' are the quantum spin | field compo- 
nents. The curvature, corresponding to p,, can be locally written in the form: 
R = Zk ® Rl^pdx'^ Adx^ , with Rf^ = {dxpn^) + Cfj[^jj, The local ex- 

pression of the dynamic equation E2k C JD^''{W) is resumed in Tab. 2, for some 
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quantum Lagrangian L : JD'^{W) A of order k. 



Tab. 2 - Dynamic Equation E2kCJD^'^('^) and Bianchi identity. 


Fields equations 

{E2) 


{duj2ij-L) — dfj,{duj2^.L)—0 (curvature equation) 
{de^.L)-d^{deif^ .L)=0 (torsion equation) 
(dipp^.L)—dfi{d'ip'^!^ .L)—0 (gravitino equation) 
(dA"^ .L)-d^{dA'"' .L)=0 (Maxwell's equation) 


Bianchi identity 
{B) 


(9^TpS;)+('^a!,)f;K^P^^„]+=o 


Fields 


R'^^ — {dx ^.Lu'^^)+2[uj'^^,uj^]j^ ( curvature ) 

K«Hax^.e^)+[i^'l^,eil]++{Ci°')ps[^l^,<'U (torsion) 

p^Xax^.^g') + (a„,)^;[c^f (gravrtzno) 
F^i,—{dXf^.Ai,)-\-Ci3-yeij ['ip^^ ,'tp2'^]+ ( electromagnetic field ) 



So in a quantum SG- Yang-Mills PDE, the quantum Riemannian metric g is not a 
fundamental field, but a secondary field, obtained by means of the quantum verbein 
6 = fi@, that, instead is a fundamental dynamic field. Of course since there is 
a relation one-to-one between quantum verbein and quantum metric, on a locally 
Minkowskian quantum (super)manifold, one can choice also quantum metric as a 
fundamental field, instead of the quantum verbein. However, in a quantum SG- 
Yang-Mills PDE it is more natural to adopt quantum verbein as indipendent field, 
since it is just enclosed in the fundamental field jl. Furthermore, may be useful to 
emphasize that the so-called quantum Levi-Civita connection coefficients u}"^ are 
not, in general, metric coefficients, i.e., do not necessitate to be uniquely expressed 
by means of the quantum metric g. The name "Levi-Givita connection coefficients" 
is reserved since under suitable dynamic conditions they can be uniquely identified 
by the quantum metric, similarly to what happens in the commutative differential 
geometry. However, in general, such property is dynamically relaxed. 
By assuming the following first order Lagrangian function: L : JD(W) — >■ A, 

LoDs = ^Ra/BRff ! S Qwi^)'^'^ local expression of (YM) results given by 
the equations reported in Tab. 3. Note that the quantum super Yang-Mills equation is 
now {dfl^.L)-{dB{dp,^^ .L)) — 0. Furthermore, it results (djl^.L) = [C^/jAic; '^'] + 
and {djijf .L) = R^"^ . 



Tab. 3 - Local expression of (YM)<ZJ b'^ (W) and Bianchi identity {B)<ZJb^(W). 


(Field equations) B^- =- (Os .-RK^) + [Cj?HMg ] + =0 


(YM) 


(Fields) p-jf^^^ =_Rl^^^-[(aX^, .AI^ ) + iCf,[pi^ ,/iij+]=0 
(Bianchi identities) j,^ =(dXH -Ra, a, )+ S^fj [Ph ^,1 + =° 


(B) 



1 3 3 



In Refs.[61, 69] it is proved that (YM) C JD^(W) is formally quantum superin- 
tegrable and also completely quantum superintegrable. That proof works well also 
in this situation, since it is of local nature, and remains valid also for quantum 



The rising and lowering of indexes is obtained by means of the fuUquantum metrics g on M 
and <; on g respectively. 
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supermanifolds that are only locally quantum super- Minkowskian ones. Then, by 
using Theorem 2.3 we get 

- ^'Hi,? = ^0 ®K H^{W-K)@A^ 0K H:,{W-K). Since the fiber of W 
is contractible, we have rj^jg^^' = f^^^g^^ = Aa (g}K i73(Af; K) «)k H-siAT.K). 
Thus, under the condition that Hz{M\ K) = 0, one has Vl^^^'^ = fi^jg^^'' = 0, hence 

{YM) becomes a quantum extended crystal super PDE. This is surely the case when 
M is globally quantum super Minkowskian. (See Refs.[Q2, 66, 69, 76, 78] In such 



a case one has ri^jg*^'' = K^-^{Y M), where 



(50) K^y^iYM) { [7V]^ e n.^^iYM) 



N = dV, for some (singular) 
(4|4)-dimensional quantum 
supermanifold V <ZW 



So (YM) is not a quantum 0- crystal super PDE. However, if we consider ad- 
missible only integral boundary manifolds, with orientable classic limit, and with 
zero characteristic quantum supernumbers, (full admissibility hypothesis ), one has: 

^3^3^^ ~ ^' ^^'^ {Y M) becomes a quantum 0-crystal super PDE. Hence we get 
existence of global solutions for any boundary condition of class Q'^ . 
With respect to the commutative exact diagram in (24) we get the following exact 
commutative diagram 



(51) 



K. 



{YM) 
3|3;2 



(YM) 
3|3 



"6 



Taking into account the result by Thom on the unoriented cobordism groups [99], 
we can calculate fie = ^2 0^2- Then, we can represent f2g as a subgroup 
of a dimensional crystallographic group type [G{i)\. In fact, we can consider the 
amalgamated subgroup D2 x ^2*02 '^^d, monomorphism Jig ~^ D2 x Z2 t^£)2 
given by (a, b, c) t-^ (a, b, b, c). Alternatively we can consider also ilg — >■ D4 -kjj^ D4. 
(See Appendix C in [73] for amalgamated subgroups of [G(3)].j In any case the 

crystallographic dimension of (YM) is 3 and the crystallographic space group type 
are D2d or D^h belonging to the tetragonal syngony. (See Tab. 4 in [73] and, for 
further informations, [21].) 

Finally, the evaluation of {YM) on a macroscopic shell i{Mc) C M is given by the 
equations reported in Tab. 2. 



Tab. 4 - Local expression of {Y M)[i]CJ £>^ (i* W) and Bianchi idenity (B) [i] C (i* W). 


(Field equations) {d^.R'^°'f')-\-[Cfjjll,R-'°"^] + =0 


{YMM 


(Fields) i?S;„, = (0?[„i./i?2]) + ^Cf,/if„^A;^^, 
(Bianchi identities) (9?h -fl^, ) + |Cfj Af^-R^, „,j =0 
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This equation is also formally quantum superintegrable and completely quantum su- 
perintegrable. Furthermore, the i- dimensional integral bordism group of {YM)[i] 
and its infinity prolongation {Y M)[i]^oo are trivial, under the full admissibility hy- 
pothesis: ^ 9^ 0. So equation {YM)[i] C jt)'^{i*W) becomes a 
quantum 0-crystal super PDE and it admits global (smooth) solutions for any fixed 
time-like 3-dimensional (smooth) boundary conditions. 

3. STABILITY IN QUANTUM SUPER PDE's 



In this section wc shall consider the stability of quantum super PDE's in the frame- 
work of the geometric theory of quantum super PDE's. We will follow the line just 
drawn in some our previous papers on this subject for commutative PDE's, where 
we have interpreted stability of PDE's on the ground of their integral bordism 
groups and related the quantum bordism of PDE's to Ulam stability too. 
Let us first revise some definitions and results about stability of mappings and 
their relations with singularities of mappings, adapting them to this new category 
of more complex mathematical noncommutative objects. 

Definition 3.1. Let X , (resp. Y), be a quantum supermanif old of dimension m\n, 
(resp. r\s), with respect to a quantum superalgebra A — ® Ai, (resp. B = 
Bq(3Bi). We shall assume that the centre Z ~ Z{A) of A, acts on B that becomes 
a Z-module.^^ Let f £ Q'^{X, Y). Then f is stable if there is a neighborhood Wj C 
Q^{X,Y) of f , in the natural Whitney-type topology ofQ^{X,Y), such that every 
Wf is contained in the orbit of f , via the action of the group Diff{X) xDif f{Y).^^ 
This is equivalent to say that for any f £ Wf there exist quantum diffeomorphisms 
g : X X and h : Y ^ Y such that h o f = fog. Furthermore, f is called 
infinitesimally stable if there exist a map : X ^ TY, such that Try o C ^ /; where 
TTy : TY Y is the canonical map, and integrable vector fields v : Y ^ TY , 
^ : X — > TX , such that C, = T{f) o ^ -\- v o f . Thus the following diagram is 
commutative. 



(52) 



TX 



TU) 



TY 




Theorem 3.2. Let X be a compact quantum supermanifold and f : X ^ Y be 
quantum smooth. Then f is stable iff f is infinitesimally stable. Furthermore, if f 
is a proper mapping, then does not necessitate assume that X is compact. ^'^ 

Proof. Note that the infinitesimal stability, requires existence of flows gt : X ^ X , 
dg = ht : Y ^ Y , dh = v, such that for the infinitesimal variation ( oi ft = 
htofogi one has C = T{f) o C + ^ ° ./• In. fact, one has the following lemma. 



"'^■^In the following, whether it is not differently specified, X and Y are such quantum 
supermanifolds. 

^■^Here Dif f{X) denotes the group of quantum diffeomorphisms of a quantum super manifold 

X. 

^^Recall that a map f : X between topological spaces is a proper map if for every compact 

subset K (ZY , f~^{K) is a compact subset of X. 
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Lemma 3.3. Let (W^, V, tth/; B) be a bundle of geometric objects in the category Qs 
and in the intrinsic sense [49] Let (f> : M. x V ^ V be a one-parameter group 
of Q'^ transformations of V , — dcj) its infinitesimal generator and s : V ^ W a 
field of geometric objects, i.e. a section o/tth/. Then, (j) induces a deformation s 
of s defined by means of the following commutative diagram 

(53) R X M X \/ — ^ W 

' (idf,s) 

R X V > R X W 

"o 

where (j) x = M{(j)^^), VA £ R. One has s^(o,o) = s. Then, for the infinitesimal 
variation of (Lie derivative of s with respect to the integrable field d(s o d) : 
V — > s*vTW , one has: 

(54) d(sod) — d{s o (j)) + d{(t)) o s 

= T{s) o ^ + 1/ o s. 

Proof. This lemma can be proved by copying the intrinsic proof for the commutative 
case given in [49]. □ 

In our case we can consider the following situation, with respect to Lemma 3.3, 
W = XxY,V = X, M{gx) = hx and s = (idxj)- 

Furthermore, in the case that X is compact, the proof follows the same lines of the 
proof given by Mather for commutative manifolds [39] . □ 

Theorem 3.4. Stable maps f : X ^ Y do not necessiate to be dense in Q^{X,Y). 

Proof. This is just a corollary of the corresponding theorem for commutative man- 
ifolds given by Thom-Levine [31, 32]. □ 

Example 3.5. (Submersions and stability). Let X be a compact quantum su- 
permanifold. Let f : X ^ Y be a quantum differentiable mapping of maximum 
possible super-rank. Ifm>r>l,n>s>l, fisa quantum submersion and it is 
(infinitesimally) stable. 

Example 3.6. (Limrcrsions and stability). Let X a compact quantum superman- 
ifold. Let f : X ^ Y be a quantum differentiable mapping of maximum possible 
super-rank. If m < r, n < s, f is an immersion and if it is 1 : 1 then it is also 
stable. (Not all immersions are stable.) 

Definition 3.7. (Singular solutions of quantum super PDE's). Let tt : W ~> M 
be a fiber bundle, where M is a quantum supermanifold of dimension (m|n) on the 
quantum superalgebra A and W is a quantum supermanifold of dimension (m|n, r\s) 
on the quantum superalgebra B = A x E, where E is also a Z -module, with Z ~ 
Z{A) the centre of A. 

Let Ek C JD'^{W) be a quantum super PDE. By using the natural embedding 
JL)^{W) C J^\n^W), we can consider quantum super PDEs Ek C JD''{W) like 
quantum super PDEs Ek C •^m|„(W^); hence we can consider solutions of E^ o,s 
(m\n) -dimensional, (over A), quantum supermanifolds V d Ek such that V can be 



"'^^See also Refs.[50, 51, 57] for related subjects. 
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represented in the neighborhood of any of its points q' € V , except for a nowhere 
dense subset C V , of dimension < (m — l|n — 1), as N^''\ where N^''^ is the 

k-quantum prolongation of a {m\n) -dimensional (over A) quantum supermanifold 
N C W . In the case that S(V^) — , we say that V is a regular solution of 
Ek C Jm\n(^)- Solutions V of Ek ^ •■^m\ni^)' ^''^^-''^ if regular ones, are not, in 
general diffeomorphic to their projections iTklV) C M , hence are not representable 
by means of sections of t: : W M . T,(y) C V is the singular points set of V . 
Then V \ S(X^) ~ [Jr^r is the disjoint union of connected components Vr- For 
every of such components tt^.o '■ Vr ^ W is an immersion and can be represented 
by means of k-prolongation of some quantun supermanifold of dimension m\n over 
A, contained in W. Whether we consider Ek as contained in JD''{W) then regular 
solutions are locally obtained as image of k-derivative of sections of ir : W ^ M . 
So we can (locally) represent such solutions by means of mapping f : M ^ Ek, 
such that f = D^s, for some section s : M -^W . 

We shall also consider solutions of Ek C >^m|„(W^)> o.'^V subset V C Ek, tho,t can 
be obtained as projections of ones of the previous type, but contained in some s- 
prolongation Ek+s C J^^'^iW), s > 0. 

We define weak solutions, solutions V C Ek, such that the set S(T^) of singular 
points of V , contains also discontinuity points, q,q' £ V, with nk,oiq) " '^k.o{q') ~ 
a e W, or Hk{q) = T^kiq') = p & M. We denote such a set by T,{V)s C ^{V), 
and, in such cases we shall talk more precisely of singular boundary of V , like 
{dV)s = dV\Y,[V)s- However for abuse of notation we shall denote {dV)s, (resp. 
Ti{V)s), simply by {dV), (resp. TiiV)), also if no confusion can arise. 



Definition 3.8. (Stable solutions of quantum super PDE's). Let us consider a 
quantum super PDF Ek C ,JD^{W), and let us denote Sol (Eh) the set of regular 
solutions of Ek. This has a natural structure of locally convex manifold. Let f : 
X ^ Ek be a regular solution, where X <Z M is a smooth (m\n) -dimensional 
compact manifold with boundary dX . Then f is stable if there is a neighborhood 
Wf of f in Sol (Ek), such that each f 6 Wj is equivalent to f, i.e., f is transformed 
in f by some integrable vertical symmetries of Ek . 



Theorem 3.9. Let Ek C JD''{W) be a k-order quantum super FDE on the fiber 
bundle t: : W ^ M in the category of quantum smooth supermanifolds. Let s : 
M ^ W be a section, solution of Ek, and let v : M ^ s*vTW = E[s] be an 
integrable solution of the linearized equation Ek[s] C JD^{E\s]). Then to v it is 
associated a flow {(j)x}\^j, where J is a neighborhood ofO G M, that transforms 
V into a new solution V G Ek. 



Proof. Let {x°',y^) be fibered coordinates on W. Let v = dyj{i'^) : M — !• s*vTW 
a vertical vector field on W along the section s : M ^ W . Then is a solution of 
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Ek[s] iff tlie following diagram is commutative: 

(55) 




vTE. 



{D\s)*vTEk 



JD''{W) vTJD'^iW) ^ :){D''s)*vTJD''{W) JD''{E[s]) 



vTW- 




Then D^v{p) identifies, for any p G A/, a vertical vector on Ek in the point q — 
D^s{p) ~ D^s{M) C Ek- On the other hand infinitesimal vertical symmetries 
on Ek are locally written in the form 
(56) 



(0) 



Ql ■ ■■OLj.l 



(r) 



.('-1) 



where € QSf(f^ C JD^iW); A{E)), A{E) = Homz{A®z ■ ■ ■ ®z A;E), < 

|a| r 

\a\ < k. dyfiq) e Homz{A{E);TgJD'^{W)), yi,...^^ G Q^{U;A{E)). Then we 
can see that solutions of Ek[s] are vertical vector fields i/ : M s*vTW = E[s], 
such that their prolongations D'^iy = C ° D'^s, for some vertical symmetry C oi Ek- 
Therefore, the flows of above integrable vertical vector fields, transform regular 
solutions V of Ek into new solutions of Ek- Solutions of the linearized equation 
Ek[s\ give initial conditions for the determination of such vertical flows. □ 



The following lemmas are also important to understand how the structure of so- 
lutions of Ek [s\ arc related to the vertical symmetries of Ek ■ (For complementary 
informations on the contact structure of J^-^^^iW), see [69].) 

Lemma 3.10. (Symmetries of horizontal fc-order contact ideals). Lei] '■ Jm\n^^) 
J*^\n{W) he a quantum (A:-|-l)-connection onW , i.e., aQ'!^ -section of-Kk+i^k- (The 
restriction o/ ] to J^{W) C ^,jj|„(W^) is also called quantum [k + 1)- connection). 
Let S^kQ\) be the quantum horizontal fc-order contact ideal of n'{J^^^^{W)) given 
by ^k(]) =]*'ik+i{W), where €k+i{W) is the contact ideal of J^^(W). Locally 
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one can write a;;i^ „^_^ , i/^ ^^ >, where 

w'**^ lai...a./3 = yii...a,/i°l ^ f^°(^^|„(W^)) ■ £fe(W^) « s^ftirfeaZ o/ ^ . T/ien the 
quantum horizontal fc-order Cartan distribution H/c(]) C TJ^^{W) (identified by a 
{k + l)-connection 1) is the Cauchy characteristic distribution associated to SjkC])- 
0(Hfc(])) admits the following local (canonical basis) 

Ca = dxa + dyjy^^ 

+ ■■■ + dy°"-°"'-'v^ + dv°"-'^''V 

For any quantum [k + \)-connection ] on W^, one has the following direct sum 
decompositions: 

/ K.\niW\ = ■^lk{^\®Homz{S'^{TaN)■Va) 

With a = ^fc,o(,) e W, ]{q) = [N]^+\ and HfcQ), = T.NC'I ?^k(\)^ = ^k{]) n 
f2"'^( j^l^(W^)). r/ie connection^ is flat, i.e., with zero curvature, iff the differential 

ideal SjkCl) "is closed, or equivalently, i/f Hfe(]) is involutive. If^ is aflat quantum 
{k + l)-connection on W , then one has the following:^'' 



(58) 



£fc(VF) C f)k(\) as a closed subideal 

Hfe(l) ^ Char{?lk(\))\ cliar(.gfe(l)) c s(^fe(l)). 



Jj^i (ly) is foliated by regular solutions Z such that Sjk{\)\z = 0. The leaves of th 



e 



foliation are given in implicit form by the following equations: /^(x", y^ , . . . , y^^ ) 
G Bk, i < I < p + q, dim Jj^(M^) — {p\q) = m\n, where f^ represent a complete 
independent system of primitive integrals of the linear system of PDEs (Ca-f) ~ 0; 
1 < a < m + n, where is a basis (e.g., the canonical basis) of the horizontal 
distribution Any C G s((Hfe(])) has the following local representation: 



(59) 



C = UX^) + dy,{Y^) + dyfiCa-Y^) + dyf^-{(:^,Cc.,.Y') 

+ --- + ay"-"'=(Ca,...Ca..r^), 



°For a distribution E C TX on a manifold X, we denote by 0(E) the vector space of vector 
fields on X belonging to E. 

^^C;,ar(^lfe(l)) denotes the characteristic distribution of i^^Q), and c()ar(flfe(])) the correspond- 
ing vector space of its vector fields. Furthermore, s(jOfe (1 )) denotes the vector space of infinitesimal 
symmetries of the ideal Dfc(]) is the vector space of vertical infinitesimal symmetries of the 

ideal SfeQ). 

(local) section s of tt identifies a flat (local) (k + l)-connection ]ai...c«i,^i = 
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for any choice of x"^ e Q^{U C i™|„(W^), A), 1 < a < m + n, and G Q^{U C 
1 < J <'' + s, such that 

{ {C^,...U.Y')= (%-?o,...aJ^* + (a2/7-?a,...oJ(C7-n 

(60) <^ 

The space s(iOfc(])) admits the following direct sum decomposition: 

s(io,a))-5(Hfe(i))0t,,.a), 

where X>k{]) is the collection of all vectors of the form 

(61) <^ 

[ +-.- + ay;-"'^-(Ca,...Ca..r^), 

for any choice of G Q^{U C >^m|„(W^); 1 < i < ^ + S; sitc/i that conditions 
(60) are satisfied. s(iOfc(])) is a Lie algebra that admits the subalgebra 5(Hfe(])) as 
an ideal. 

The general local expression for the symmetries of the (m|n)-dimensional involutive 
Cartan distribution Eoo{W) C TJ!^^^{W), can be also obtained by equations (59) 
with all fc > 0, and forgetting conditions (60)."'^^ So we get the following expression 
forCGs(E-|jM^)): 
(62) 

da = Ox a + J2r>odyj' °"'iyaai-ar.) 

YL-a^ = {da, ■ ■ ■ da^.Y^), e Q^iU C J^JW), E),l<j<r + s. 

Then the canonical splitting T.jqjW) - (E-|„(W)), i;T, jq„(W^), q G J^^JW), 
gives the following splitting in s{E^^JW)) = :){E^^JW)) O^o, C = Co + Cv, with 
Co = 9a (X") and = J2r>odyf^"'°''' (Yi^-.-a,^), where Y^^...^, are given in (62). 

Definition 3.11. Let Ek C >/m|„(W^); where -k : W AI is a fiber bundle, in 

the category of quantum smooth supermanifolds. We say that Ek is functionally 
stable if for any compact regular solution V G Ek, such that dV — No[J P[_} Ni 

one has quantum solutions V C ^m'i'^(W^); s > 0, such that nk+sfiiXolJ Ni) = 
T^kfliXo U ^^i) = ^ C W, where dV ^ Na[j P[j Ni. 

We call the set n[V] of such solutions V the full quantum situs ofV. We call also 
each element V G n[V] a quantum fluctuation of V .^^ 

Definition 3.12. We call infinitesimal bordism of a regular solution V C Ek C 
JD'^{W) an element V G defined in the proof of Theorem 3.9. We denote by 

^^In fact the Cartan distribution on J^{W) can be considered an horizontal distribu- 
tion induced by the canonical connection identified by the local canonical basis <^a = dxa + 
T,\i3\>oyi/39yj generating E^{W). 

^ Let us emphasize that to fl[V] belong also (non necessarily regular) solutions V' C -Efe such 
that A^o U ^1 = ^0 U where dV = N[^[J P' [J N[. 
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rio[^] C ^[V] the set of infinitesimal bordisms ofV. We call flo[V] the infinitesimal 
situs of V. 

Definition 3.13. Let Ek C J^|„(W^), where tt : VF -> Af is a fiber bundle, in 
the category of quantum smooth supermanifolds. We say that a regular solution 
V C Ek, dV = A^o U ^ U ^1 ' ^■^ functionally stable if the infinitesimal situs ilg [V] C 
^l[V] of V does not contain singular infinitesimal bordisms. 

Theorem 3.14. Let Ek C '^^ 

ere n : W ^ M is a fiber bundle, in the 

category of quantum smooth supermanifolds. If Ek is quantum formally integrable 
and completely quantum superintegrable, then it is functionally stable as well as 
Ulam-extended superstable. 

A regular solution V C Ek is stable iff it is functionally stable. 

Proof. In fact, if Ek is quantum formally integrable and completely quantum su- 
perintegrable, we can consider, for any compact regular solution V C Ek, its s-th 
prolongation V^'^'> C {Ek)+s C J^ni^)- Since one has the following short exact 



sequence 



(63) f^if-l|^-i f^™-i|„-i((i?fc)+.) 

where (resp. flm-i\n-iiiEk)+s)), is the integral bordism group, (resp. 

quantum bordism group), we get that there exists a solution V C such 
that 



(64) 




Then, as a by-product we get also: Trk+s,o{No U -^i) — '''fc,o(-^o U -^i) ^ W. There- 
fore, Ek is functionally stable. Furthermore, Ek is also Ulam-extended superstable, 
since the integral bordism group ^^^'Lxln-i smooth solutions and the integral 

bordism group singular solutions, are related by the following short 

exact sequence: 

(65) — ^ li^" , I , — ^ n^" , — n^\. , — ^ 0. 

This implies that in the neighborhood of each smooth solution there are singular 
solutions. 

Finally a regular solution V C Ek stable iff the set of solutions of the correspond- 
ing linearized equation does not contains singular solutions. But this is just 
the requirement that fio[^] does not contains singular solutions. Therefore, V is 
stable if it is functionally stable and vice versa. More precisely if / = D'^s : X Ek 
is a stable solution of Ek, then there exists an open set Ws C Sol (Ek) such that for 
any s' S Wg, s' is equivalent to s.^^ Let us consider the tangent space T„ Sol {Ek). 



'^"'^Here the considered bordism groups are for admissible non-necessarily closed Cauchy 
hypersurfaces. 

^■^Recall that (^) has a natural structure of quantum smooth supermanifold modeled on 
locally convex topological vector fields. Sol (Ek) is a closed submanifold of Sol{Ek) C Q5J'(VF). 
(For details see ref. [57].) 



QUANTUM EXTENDED CRYSTAL PDE'S 



27 



One has the foUowing isomorphism 
(66) 

where |fe is the canonical isomorphism JD''{s*vTW) = {D'^ s)* vT J D'^ {W) , and 
V = D''s{X) C Ek- Since Wg is open in Sol (Ek). one has also the following 
isomorphism Tg'Ws = Tx SoH Ek)- Thus also to s' there correspond vector fields 
C G Ts'Ws that must be regular ones, i.e., without singular points. Therefore ilo[V] 
cannot contain singular solutions, hence V is functionally stable. Vice versa, if V 
is functionally stable, then we can find an open neighborhood Wg C SoK Ek) built 
by perturbing V with all the flows induced by the regular vector fields belonging 
to rJo[^]. This set is an open set of Wg C SoK Et,.) since its tangent space at any 
of its point s' is isomorphic to Tgi Sol (Eh). since this last is isomorphic to fio[^]- 
Furthermore, any two of such points of such an open set are equivalent since they 
can be related both to s by local diffeomorphisms. Therefore V that is functionally 
stable is also stable. □ 

Remark 3.15. Let us emphasize that the definition of functionally stable quantum 
super PDE interprets in pure geometric way the definition of Ulam superstahle 
functional equation just adapted to PDE's.^^ 

Definition 3.16. We say that Ek C JD^{W) is a stable extended crystal quantum 
super PDE if it is an extended crystal quantum super PDE that is functionally stable 
and all its regular quantum smooth solutions are (functionally) stable. 

Definition 3.17. We say that Ek C JD''{W) is a stabilizable extended crystal 
quantum super PDE if it is an extended crystal quantum super PDE and to Ek can 
be canonically associated a stable extended crystal quantum super PDE '•^^Ek C 
JD''^^{W). We call ^^^Ek just the stable extended crystal quantum super PDE of 
Ek- 

^■^Let us recall the concept of Ulam stability. Let _F be a functional space, i.e., a space of 
suitable applications f : X Y between finite dimensional Riemannian manifolds X and Y. Let 
S be a Banach space and S a subset of X". Let us consider a functional equation: 

(67) G(/,g\- ■■,(?"■) = 0, W{g\--- ,q")eS CX" 

defined by means of a mapping G : F X X" E, (/, (g^, ■ ■ • , q")) i->- G(/, (g^, ■ ■ ■ , <?"))• We say 
that such a functional equation is Ulam- extended stable if for any function f £ F, satisfying the 
inequality 

(68) \\G{f,{q\--- ,q"m<AQ\--- ,<}"), V{q\--- ,q")&X" 

with ip : X" — > [0, oo) fixed, there exists a solution / of 67 such that dyiJiq), f{q)) < ^(5)1 € 
X, for suitable <I> : Jf — ^ [0, 00). Here .) is the metric induced by the Riemannian structure 

of Y. More precisely, dy(a, b) = inf /j^ ^ v'gy(7(t), ■y{t))dt, Ma, b eY, where 7 G C^([0, l],Y), 
with 7(0) = a, 7{l)=6 and gy the Riemannian metric on Y . One has the following important 
propositions: (i) If 7 G Ci([0, 1], Y), such that 7(0) = a, 7(1) = fe, and Jj^ V9Y{'y(t),'y{t))dt = 
dy (a, b), then 7([0, 1]) C y is a geodesic. If in addition, 7 has constant speed, then 7 is a C°° 
geodesic. (ii)(de Rham) When Y is geodesically complete, then given a,b £ Y, there exists at 
least one geodesic 7 in y connecting a to b with Jjg jj \/9Y{'y{t), i{t))d^ = iiy(a, b). (iii)(Hopf, 
Rinov) The geodesic completeness of Y is equivalent to the completeness of y as a metric space, 
which is equivalent to the statement that a subset of Y is compact iff it is closed and bounded, 
(iv) y is complete whenever it is compact. If each solution / S F of the inequality (68) is either 
a solution of the functional equation (67) or satisfies some stronger conditions, then we say that 
equation ( 67) is Ulam-extended-superstable. 
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We have the following criteria for functional stability of solutions of qunatum super 
PDE's and to identify stable extended crystal quantum super PDE's. 

Theorem 3.18. (Functional stability criteria). Let Ek C JD''{W) be a k-order 
quantum formally integrable and completely quantum superintegrable quantum super 
PDE on the fiber bundle tt : W M . 

1) // the symbol ~ 0, then all the quantum smooth regular solutions V <Z Ek <Z 
JD^{W) are functionally stable, with respect to any non-weak perturbation. So Ek 
is a stable extended crystal. 

2) If Ek is of finite type, i.e., cjk+r = 0, for r > 0, then all the quantum smooth 
regular solutions V C Ek+r C J D'^^'^ {W) are functionally stable, with respect to 
any non-weak perturbation. So Ek is a stabilizable extended crystal with stable 
extended crystal ^^"^Ek = Ek+r- 

3) IfVd {Ek)+oo C JD°°(W) is a smooth regular solution, then V is functionally 
stable, with respect to any non-weak perturbation. So any quantum formally inte- 
grable end completely quantum superintegrable quantum super PDEEk C jb^{W), 
is a stabilizable extended crystal, with stable extended crystal Ek ~ {Ek)+co- 

Proof. We shall use the following lemmas. 

Lemma 3.19. Let Ek C JD^{W) be a quantum formally integrable and completely 
quantum superintegrable quantum superPDE the fiber bundle n : W AI . Then for 
any quantum smooth regular solution s : M ^ W , one has the following canonical 
isomorphism: {Ek[s])+h = iiEk)+h)[s], V/i > l,oo. 

Proof. In fact one has the following commutative diagram. 



(69) 



iEk[s])+h = JD''{{D''s)*vTEk)f]JD''+Hs*vTW) 

= {D^+'''s)*vTjb^{Ek)r\{E>''^^s)*vTjb^+'^{W) 
= {D^+^'.s)*vT (^jb''{Ek) n JL)''+''{W)^ 
= {D^+^^sYvT{{Ek)+H) = (iEk)+h)[s]. 

□ 



Lemma 3.20. Let Ek C JD''{W) be a formally integrable and completely integrable 
PDE the fiber bundle tt : W ^ M . Let gk = 0. Then also the prolonged equations 
{Ek)+r, Vr > 1, oo, have their symbols zero: {gk)+r = 0, Vr > 1, oo. 

Proof. In fact, from the definition of symbol and prolonged symbols, it follows that 
the prolonged symbols coincide with the symbols of the corresponding prolonged 
equations. □ 

1) This follows from Lemma 3.19 and from the fact that if = is also gk[s\ = 0. 
This excludes that Ek\s\ could have singular solutions. Furthermore, Lemma 3.20 
excludes also that there are singular (nonweak) solutions in the prolonged equations 
Ek[s\+r, Vr > l,oo. 

2) If Ek is of finite type, with gk+r ~ 0, then it is also 5fc+r[s] = 0. Then Ek+r[s\ 
cannot have singular (nonweak) solutions. 

3) Eoo has zero symbol, hence also i^oois] has zero symbol and cannot have singular 
(nonweak) solutions. 

(So the proof follows the same lines drawn for commutative PDE's.) □ 
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Theorem 3.21. (Functional stable solutions and (fc + l)-connections). Let Ek C 
"^m|n(^) quantum formally integrable and completely quantum superintegrable 
quantum super PDE. Let ] &e a quantum flat (k + I) -connection, such that 
is a Q'^ -section of the affine fiber bundle n^^i k : {Ek)+i — !• E^ ■ Then, the sub- 
equation '^Ek C Ek identified, by means of the ideal f)(])|^^, is formally integrable 
and completely quantum superintegrable sub-equation with zero symbol ^(jk- Then 
^Ek C Ek is functionally stable and Ulam-extended superstable. Furthermore any 
regular quantum smooth solution V C ^ Ek is also functionally stable in Ek, with 
respect to any non weak perturbation. 

Proof. In fact, one has the following commutative diagram of exact lines. 
(70) ^l^iil-i f^™-i|„-i((^fe)+,) 



f^L-^bi — - n,^-i\n-i{OEkhs) — - 





Furthermore, since ~^gk = 0,^Ek is of finite type, hence its smooth regular solutions 
are functionally stable. □ 

Taking into account the meaning that connections assume in any physical theory, 
we can give the following definition. 

Definition 3.22. Let Ek C •^^|n(^) ^ quantum formally integrable and com- 
pletely quantum superintegrable quantum super PDE. Let~\ be aflat quantum (fc+1)- 
connection, such that ~\\e^ -section of the affine fiber bundle TTk+i.k ■ 

{Ek)+i — >■ Ek . We call the couple (Ek,^) a polarized quantum super PDE. We 
call also polarized quantum super PDE, a couple {Ek,^Ek), where ^Ek C Ek, is 
defined in Theorem 3.21. We call ^Ek o, polarization of Ek. 

Corollary 3.23. Any quantum smooth regular solutions of a polarization of a 
polarized couple {Ek,^Ek), is functionally stable, with respect to any non-weak per- 
turbation. 

Theorem 3.24. (Finite stable extended crystal PDE) Let Ek C JD''{W) be a 
quantum formally integrable and completely quantum superintegrable quantum super 
PDE, such that the centre Z(A) of the quantum superalgebra A, model for M , is 
Noetherian. Then, under suitable finite ellipticity conditions, there exists a stable 
extended crystal quantum super PDE ^^"^ Ek canonically associated to Ek, i-£-, Ek 
is a stabilizable extended crystal. 

Proof. In fact, we can use the following lemma. 

Lemma 3.25. (Finite stability criterion). Let EJk C JD''{W) be a quantum for- 
mally integrable and completely quantum superintegrable quantum super PDE, such 
that the centre Z[A) of the quantum superalgebra A, model for M , is Noetherian. 
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Then there exists an integer sq such that, under suitable finite ellipticity conditions, 
any regular quantum smooth solution V C (Ek)-\-so functionally stable. 

Proof. Under the hypotheses that Z{A) is Noetherian, the proof follows the same 
line of the commutative case. □ 

Let us, now, use the hypothesis that Ek is quantum formally integrable and com- 
pletely quantum superintegrable. Then all its regular quantum smooth solutions 
are all that of {Ek)+so- In fact, these are all the solutions of {Ek)+oo C JD°°{W). 
However, even if a smooth regular solution V G Ek, and their So-prolongations, 
y(so) [Ek)+so7 are equivalent as solutions, they cannot be considered equivalent 
from the stability point of view !!! In fact, Ek can admit singular solutions, instead 
for (Ek)+sa these are forbidden. Therefore, for Ek[s] singular perturbations are 
possible, i.e. are possible infinitesimal vertical symmetries of Ek, in a neighbor- 
hood of the solution s, having singular points. Instead for {Ek)+so[^] all solutions 
are without singular points, hence s considered as solution of {Ek)+so necessitates 
to be functionally stable. 

By conclusions, Ek, under the finite ellipticity conditions is a stabilizable extended 
crystal quantum super PDE, and its stable extended crystal quantum super PDE 
is '^^^Ek = {Ek)+so, for a suitable finite number sq. □ 

Remark 3.26. With respect to a quantum frame [63, 69, 70], we can consider the 
perturbation behaviours of global solutions for t — S- oo, where t is the proper time 
of the quantum frame. Then, we can talk about asymptotic stability by reproducing 
similar situations for commutative PDE's. (See Refs.[72, 77].) In particular we can 
consider the concept of "averaged stability" also for solutions of quantum (super) 
PDE's. With this respect, let us recall the following definition and properties of 
quantum (pseudo)Riemannian supermanifold given in [63, 71]. 

Definition 3.27. [63, 71] A quantum (pscudo)Riemannian supermanifold {M.A) 
is a quantum supermanifold M of dimension (m|??) over a quantum superalgebra A, 
endowed with a Q"^ section 5 : il/ — > Homz(TM ®z TM ; A) such that the induced 
homomorphisms TpM — !■ (TpA/)+, Vp £ M , are injective. 

Proposition 3.28. [63, 71] In quantum coordinates g{p) is represented by a matrix 
2222 

9afj{p) G ^oo(^) X Ai^{A) X ^oi(^) X ^ii(^)- The corresponding dual quan- 

2222 2 

tum metric gives g^^ip) G A°°{A) x A^°{A) x A°^{A) x A^\A), with A'^A) = 

Homz{A;Ai ®z A^), ij e Z2, such that g^p(p)T^{p) = (5^ G A, g^^{p)g^0{p) = 

e Homz{A ®z A;A®z A). 

In fact wc have the following definition. 

Definition 3.29. Let Ek C JD^{W) be a formally integrable and completely inte- 
grable PDE the fiber bundle n : W ^ M, and let V = D^s{M) C Ek be a regular 
smooth solution of Ek . Let ^ : M Ek [s] be the general solution of Ek [s] . Let 
us assume that there is an Euclidean structure on the fiber of E[s] — !■ M . Let 
{ip : X N ^ N;i : N —> M) be a quantum frame [63, 69, 70] . Then, we say that 
V is average asymptotic stable, with respect to the quantum frame, if the function 
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of time p [i] (t) defined by the formula: 

has the following behaviour: p[i]{t) = p[i](0)e^'^* for some real number c > 0. Here 
Bt = Ntf^supp{i*£,'^), where N = UtgT-^t' fiber structure of N, over the 

proper-time of the quantum frame. We call tq = I/cq the characteristic stability 
time of the solution V. If tq = oo it means that V is average instable.^'^ 

We have the following criterion of average asymptotic stability. 

Theorem 3.30. (Criterion of average asymptotic stability). A regular global smooth 
solution s of Ek is average stable, with respect to the quantum frame {tp : Rx N ^ 
N;i : N ^ M), if the following conditions are satisfied:'^^ 

(72) <p[i]{t)><c <p[i]{t)>, ceK+,Vi. 

where 



(73) pm^TT-^, I ^*ev 



2vol{Bt) 



and 

Here i*^ represents the integrable general solution of the linearized equation Ek[s\i\ 
of Ek at the solution s, and with respect to the quantum frame. Let us denote by Cq 
the infimum of the positive constants c such that inequality (72) is satisfied. Then 
we call To = I/cq the characteristic stability time of the solution V. If tq = oo 
means that V is unstable.^^ 

Furthermore, Let s be a smooth regular solution of a formally quantum integrable 
and completely quantum superintegrable quantum super PDE Ek C JD {W), where 
: W ^ M . There exists a differential operator 'P[s|i](^), on t: : E[s\i] = 
i*[s*vTW) — >■ N , canonically associated to the solution s, and with respect to the 
quantum frame, such that s is average stable in Ek, or in some suitable prolongation 
{Ek)+h, k + h = 2s > k, if the following conditions are verified: 

(i) 'P[s\i]{^) is self-adjoint (or symmetric) on the constraint 

(75) {Ek)i+r)[s\i]cJD''+'^{E[s\t]), 
for some r > 0. 

(ii) The smallest eigenvalue Ai = Xi(t) of P[s\i]{£^) is positive for any t £ T and 
lower bounded: Ai > Ai > 0. 

Furthermore, average stability can be also translated into a variational problem 
constrained by (-Bfe )(+/,) [s], for some h > 0, such that k + h = 2s. 

Proof. We shall use Theorem 3.9 and the following lemma. 



^^In the following, if there are not reasons of confusion, we shall call also stable solution a 
smooth regular solution of a PDE C JD^{W) that is average asymptotic stable. 
^^The large cuspidated brackets <, > denote expectation value. 
^^To has just the physical dimension of a time. 
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Lemma 3.31. (Gronwall's lemma) [20] Suppose f{t) is a real function whose deriv- 
ative is bounded according to the following inequality: ^ < g{i) f + h{t) , for some 
real functions g{t) and h[t). Then, fit) is bounded pointwise in time according to 
fit) < /(0)eG(*) + e^<-'-^^h{s)ds, where G{t) = J^^^^ g{r)dr. 

Then a sufRcient condition for the solution V stability, with respect to the quantum 
frame, is that inequality (72) should be satisfied. In fact it is enough to use Lemma 
3.31 with g{t) = -c and h{t) = 0, to have p\i]{t) = p[i](0)e"'=*. 
Furthermore, condition (72) is satisfied iff 

(76) im ^ (-2 ^ < ^ + > ^) ^ 0' 

for some constant c > and for any integrable solution i*^ of i?fc[s|i]. So the 
problem is converted to study the spectrum of the differential operator, 7^[s|i](^) = 
on 7f : £'[s|j] — )> N, constrained by {Ek){+r)[s], for some r > 0, since P[s|i](^) 
is of order > k. If this is self-adjoint, (or symmetric), it follows that it has real 
spectrum and the stability of the solution is related to the sign of the smallest 
eigenvalue. If such an eigenvalue Xi{t) is positive, Vi G T, and Ai = inftg^ > 0, 

then the ratio < — p[i](t) > / < p[i](i) > is higher than a positive constant, hence 
the solution s is average stable. In fact, we get 

(77) 

f -p[z](t)-Aipw(t) =Js^msm).o-M^*e]y 

I = IsS^iit) - ^i^^V = (Ai(t) - Ai) /^^ t*ev > 0, 

for any t € T. Thus we have also 

(78) _PMi!)>Ai>o, vter. 

p[i]{t) 

So condition (72) is satisfied, hence the solution s is average stable. In order to 
complete the proof of Theorem 3.30, let us emphasize that in general 'P[s|i](^) — ci*^ 
is not identified with the Euler-Lagrange operator for some Lagrangian. In fact, 
in general, the differential order of such an operator does not necessitate to be 
even. By the way, since is assumed formally quantum integrable and completely 
quantum superintegrable, we can identify any smooth solution V G Ek, with its h- 
prolongation V^'^'^ C JD''~^'^{W), such that k+h = 2s. Thus the problem of average 
stability can be translated in a variational problem, constrained by solutions of 
{Ek)+ih)[s\i]- 

(79) = 2X{t)i*^, Fi[s|i]=0, 0<\a\<h, k + h = 2s\ 

on the fiber bundle tt : E[s\i] = i*{s*vTW) N. Here F^[s\i] = are the 
equations encoding i?fc[s|i]. This can be made not only locally but also globally. In 



^'^Really it should be enough to require that 'P[s|i] is a symmetric operator in the Hilbert space 
"Ht, canonically associated to In fact the point spectrum Sp{A)p of a symmetric linear 

operator A on Ht is real Sp{A)p C M. (This is true also for its continuous spectrum: Sp{A)c C M.) 
In our case it is enough that Pfsli] should symmetric on the space of solutions. However, 

it is well known in functional analysis that every symmetric operator has a self-adjoint extension, 
on a possibly larger space [13]. 
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fact one has the following lemmas. (See for the terminology [66, 
quoted there.) 



and references 



Lemma 3.32. [80] Let n : W ^ M , a fiber bundle in the category Qs, dim^ M ~ 
m\n, dims W = {rn\n, r\s). Let L : t/^|„(W^) Abe a k-order quantum Lagrangian 

function and 9 = Lij e f^"+"(i^|„(W^)), locally given by 9 = Ldx^A ^'^~Adx"'+''' = 
Ifi^: o dx^ A ■ ■ ■ Adx'"'*'", where (a;", y^) are fibered quantum coordinates on W , and 
fi^ : Tq"^"(^) a is the Z -homomorphism induced by the product on A. Then, 
extremals for 9, constrained by E^, are solutions f : X ^ Ef., with X a quantum 
supermanifold of dimension m\n with respect to A, such that the following condition 
is satisfied: 



(80) 




o<K|<fc \ 



dL\ 



for any v = v^dyj, solution of the linearized equation of Ek at the solution s. In 
particular, if Ek = •Vi|ri(^))' ^^^^ extremals are solutions of the following equation 
(Eulcr-Lagrange equation 



(81) E[0] C Jl%{W) 

This completes the proof. 



□ 



Example 3.33. (Quantum super d'Alembert equation). Let A ~ Af) ® Ai be 

a quantum superalgebra with Z = Z{A) Noetherian and K = M. Let us con- 
sider the following trivial fiber bundle n : W = A^ ^ A^ = M with quan- 
tum coordinates {x,y,u) i— )■ {x,y). Then, the quantum super dAlembert equation, 

2 

(d'A) C JD^{W) C J2iW), is defined by means of the following A-valued Q^- 

2 oo 

function F = uu^y — u^Uy : JD^(W) A <Z A. By forgetting the 'E2-g'rad'iO'tion 

of A, we get the same situation just considered in [63]. So, (d'A) C JD^{W) is 
just a formally quantum integrable quantum super PDF of dimension (3,2,2) over 

1 2 

the quantum algebra B = A x A x A, in the open quantum submanifold u ^ 0, and 
also completely quantum integrable there. On the other hand, by considering that 
M has a natural structure of quantum supermanifold of dimension (2)2) over A, it 

follows also that for any initial condition, i.e., any point q G {d'A) \ u~^{0), passes 
a quantum supermanifold of dimension (2)2) over A, solution of (d'A). Therefore, 
(d'A) C J2|2(W^) is completely quantum superintegrable in the quantum supermani- 
fold u ^ Q too. We can also state that {d' A) is completely quantum superintegrable, 
as it is algebraic in the open set {d'A) \ u^^{Q). Thus {d'A) is an extended crystal 
PDF. With respect to the commutative exact diagram in (24) we get the following 
exact commutative diagram 
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(82) 



K 



(d'A) 
1|1;2 



[d'A) 
1|1 



Therefore, the crystal group of id' A) is G(2) = x Z2 = p2, (p2 is its usual 
crystallographic notation), and its crystal dimension is 2. 

Furthermore, according to Theorem 3.14 we get that (d'A) \ {u ~ 0} is function- 
ally stable. From Theorem 3.24 '"'g d^t I'hat {d'A) is a stabilizable quantum ex- 
tended crystal PDF with associated stable quantum extended crystal PDF '■■^^(d'A) = 
{d'A)j^^. (The symbol of (d'A) is not zero, thus smooth global solutions are in gen- 
eral unstable into finite times in (d'A).) Moreover, we get that the weak integral 
{l\l)-bordism group of (d'A) is trivial. In fact, we have: Q^^"^^^ = ^^^Li^iiW) = 

{Z (8)K Hi{W; K)) 0(Ai ®K Hi{W; K)) = 0. Thus (d/A) is an extended 0-crystal. 
Under the full- admissibility hypothesis, i.e., by considering admissible closed smooth 
integral quantum supermanifolds of dimension (m— l|n— 1), on the which all integral 

characteristic quantum supernumbers are zero, we can consider (d'A) a 0-crystal 
quantum super PDF, hence for such fully admissible Cauchy data, the existence of 
global smooth solutions of (d'A) is assured. Finally, applying Theorem 3.30 we get 
further informations on the asymptotic average stability of {d' A) solutions. 



Example 3.34. (Quantum super Navicr-Stokcs equation). In some previous works 
we have considered the Navier-Stokes equation for quantum (super) fluids as a quan- 
tum (super) PDF. (See Refs.[62, 63, 67].) Now, we can extend such considerations 
to stability of such equations. By using results in [63, 70] we can prove that when 
A has Noetherian centre Z = Z{A), (NS) contains a formally quantum integrable 

quantum super PDF (NS) that is completely quantum superintegrable. So (NS) is 
not functionally stable, but {NS) is so. This last equation is also an extended crys- 
tal quantum super PDF with its infinity prolongation (NS)^^ as stable extended 
crystal quantum super PDF. Furthermore, one can prove that the weak integral 

{3\3)-bordism group ^^3!^"^ = = ilgj^'^^ This means that (NS) is an extended 0- 
crystal quantum super PDF. However, it is not a 0-crystal quantum super PDF. By 
the way, whether we adopt the full admissibility hypothesis, then (NS) becomes a 0- 
crystal quantum super PDF and this is enough to state the existence of global smooth 
solutions of the quantum super PDF {NS) for such admissible smooth boundary 

condition contained int {NS). 

With respect to the commutative exact diagram in (24) we get the following exact 
commutative diagram 
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(83) -/^l^f^) 



^nl ^Z2®Z2©Z2 — ^0. 

Therefore, the crystal group and the crystal dimension of (NS) are the same ones 
of{YM). 

Finally, applying Theorem 3. 30 we get further informations on the asymptotic av- 
erage stability of {NS) solutions. 

4. QUANTUM EXTENDED CRYSTAL SINGULAR PDE's 

In this section wc shall consider singular quantum super PDE's extending our previ- 
ous theory of singular PDE's, i.e., by considering singular quantum (super) PDE's 
as singular quantum sub- (super) manifolds of jet-derivative spaces in the category 
Q or Qs- In fact, our previous formal theory of quantum (super) PDE's works 
well on quantum smooth or quantum analytic submanifolds, since these regularity 
conditions are necessary to develop such a theory. However, in many mathematical 
problems and physical applications, it is necessary to work with less regular struc- 
tures, so it is useful to formulate a general geometric theory for such more general 
quantum PDE's in the category Qs- Therefore, we shall assume that quantum 
singular super PDE's are subsets of jet-derivative spaces where are presents regular 
subsets, but also other ones where the conditions of regularity are not satisfied. 
So the crucial point to investigate is to obtain criteria that allow us to find ex- 
istence theorems for solutions crossing "singular points" and study their stability 
properties. 

The main result of this section is Theorem 4.8 that relates singular integral bordism 
groups of singular qunatum PDE's to global solutions passing through singular 
points. Some example are explicitly considered. 

Let us, now, first begin with a generalization of algebraic formulation of quantum 
super PDE's, starting with the following definitions. (See also Refs.[61, 67, 68, 69].) 

Definition 4.1. The general category of quantum superdifferential equations, Of, 
is defined by the following: 1) *8 G Ob{£lg) iff ^ is a filtered quantum superalgebra 
*8 = {03,;}, *8i C ^i+i, such that in the differential calculus in the category £}g'~^{^) 
over *B is defined a natural operation C that satisfies CCt^ ~ CCl* , where 

fi* = *8 A • ■ -i • • ■ A *B are the representative objects of the functor Di in the category 
Qg'^{^) over *B, where Di = D ■ ■ -i ■ ■ ■ D , being D{P) the '^-module of all quantum 
superdifferentiations of algebra *B with values in module P. Furthermore, Cl' = 
©j^Qfi*, ri'^ = A. 2) f G Hom{£lg) iff f is a homomorphism of filtered quantum 
superalgebras preserving operation C . 




^®See Refs.[61, 71]. See also [4] where some interesting applications are considered. 
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Remark 4.2. In practice we shall take ^ = {58i = Q^{Mi;A)}, where Mi is a 
quantum supermanifold and A is a quantum superalgebra. Then, we have a canon- 
ical inclusion: ji : Mi Sp{^i), x ^ ji^x) = Cx = evaluation map at x G Mi. To 
the inclusion *Bi C *Bi+i corresponds the quantum smooth map M^+i — >■ Mi. So 
we set Moo = limMi. One has M^o = Sp{^ oo)- However, as Mrx> contains all 

the "nice" points of Sp{^oo), we shall use the space M^o to denote an object oj the 
category of quantum supcrdiffercntial equations. 

Definition 4.3. The category of quantum superdiffcrcntial equations Q| is defined 
by the Frobenius full quantum superdistribution C{X) C TX = Homz{A;TX), 
which is locally the same as 'Eoo, the Cartan quantum superdistribution of Eoo 
for some quantum super PDE C JD^{W). We set: sdimX = dimC'(X) = 
[m -\- n\m -\- n) , i.e., the Cartan quantum superdimension of X E / G 

Hom{Qg) iff it is a quantum supersmooth map f : X ^ Y, where X,Y E 
Ob{Q^), such that conserves the corresponding Frobenius full superdistributions: 
T{f) : C{X) C{Y), f G HomQe{X,Y), sdimX = (m + n\m + n), sdimY = 

(m! + n'\m' + n'), srankf = {r\s) = dmi{T(f)x{C{X)x)), x G X . Then the fibers 
f~^{y), y G im{f) C Y, are (m + n — r\m + n — s)-quantum superdimensional 
objects of Q_g. Isomorphisms o/0|.' quantum supermorphisms with fibres con- 
sisting of separate points. Covering maps of 0| quantum supermorphims with 
zero-quantum superdimensional fibres. 

Example 4.4. (Some quantum singular PDE's). 



Tab. 5 - Examples of quantum singular PDE's 
defined by differential polynomials 


Name 


Singular PDE 


PDE with node and triple point 

R.i(lJD(E) 




PDE with cusp and tacnode 
SiC./D(B) 




PDE with conical double point, 
double line and pinch point 
fiCJ-DCF) 


ri=(«i)=-(«i)(«=) = =0 



Tr:E=A^^A^ , {x,y,u'^,u^)i^{x,y). Tr:F=A^^A'', (x ,y )^ [x ,y) . 

0= <Pl,P2>CSi,b = <(/!, (j2>CSi,c = <ri,r2,r3>C'$!i. 



In Tab. 5 we report some quantum singular PDE's having some algebraic singular- 
ities. For the first two equations these are quantum singular PDE's of first order 
defined on the quantum fiber bundle tt : E ^ M , with E = , M = A^ , where A 
is a quantum algebra. Then JD{E) = B"^'"^ = A'^ x A'^. Furthermore, for the third 
equation one has the quantum fiber bundle fr : F ^ M , with F = A^ , M = A^ , and 
JD{F) = = A^ X A^. We follow our usual notation introduced in some pre- 
vious works on the same subject. In particular for a given quantum (super) algebra 
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A, we put 



(84) 



tS{H) = H®z--®zH , r > 

r 

r 

A = Homz{t^{A);A), r>0 



A = Homz{f^{A); A) = Homz{A] A) = A 

with Z the centre of A and H any Z -module. Furthermore, we denote also by Sq{H) 

and Aq(H) the corresponding symmetric and skewsymmetric submodules ofTQ^H). 

To the ideals a =< pi,P2 >C 05i, b =< qi,q2 >C Q5i and c =< ri, r2, ra >C ^i, 

1 

where <Bi = Q^{JD{E), B2), with B2 = A x A x A, and = Q^{JD{F), B2), 
one associates the corresponding algebraic sets Ri = {q £ B^''^\f{q) = 0,V/ G a} C 
Si = {q€ Bt'^lfiq) = 0,V/ G b} C and ^ {q e = 0,V/ G 

c} C 

Let us consider in some details, for example, the first equation in Tab. 5. There 
the node and the triple point refer to the singular points in the planes {ul.,Uy) and 

(u^,My) respectively, with respect to the W-restriction. However, the equation Ri 

has a set S(i?i) C i?i of singular points that contains: 

(85) I](i?i)o ^ {qo = (x,2/,u\u2,0,0,0,0)} ^ c 

Yi{Ri) is, in general, larger than Yi{Ri)q. In fact the jacobian {j{F)ij), i ~ 1,2, 
j = 1, ■ ■ ■ ,8, with (Fi) = {pi,p2) : JD{E) — >■ B2, is given by the following matrix 
with entries in the quantum algebra B2: 
(86) 

{j{F\i) ^^0 2ul[2{ulf - 1] 4(u2^3 



Q{ulf - ul Q{ulf -ul 

Since, in general, A can have a non-empty set of zero-divisors, in order Yi = 
Ri \ S(i?i) should represent Ri without singular points, i.e., in order to apply 
the implicit quantum function theorem (see Theorem 1.38 in [63] it is enough 
to take the points q G where there are 2x2 minors in (86) with invertible 
determinant. This allows us to identify an open submanifold Xi in JD{E). Then, 
we get = i?i P| Xi . Thus we can call Yi C i?i the regular component of Ri . This 
submanifold is not empty, since it contains the regular part of the R-restriction of 
Ri. Let us define the following subsets of Ri: 

Yi=Ri\ I](i?i) c Ri 
(87) <j 2R1 = UeRi \ul{q) = 0, ul{q) 

3R1 = |q G Ri\ul{q) = 0,ul{q) = 

One has 2^103^1 ^, fl 2^1 ^ 0; ^ifls-^i ^- Furthermore the set of 
singular points Ti{2Ri) (resp. '^{sRi)) of 2R1 (resp. ^Ri) is contained in 'E{Ri) and 
contains I](2i?i)o = 2Rif]^{Ri)o = (resp. S(3i?i)o = ^Rl(^^{Rl)o = A^). 
We can write: 

i?l = fl (J S(i?i) = 2i?l X 3i?l = [% U S(2i?l)] X [% IJ S(3i?l)] C JD{E), 
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where Y2 = 2R1 \ S(2i?i) (resp. Y3 = 3i?i \ T,{3,Ri). Yi is a formally quantum 
integrable and completely quantum integrable quantum PDE of first order. (For the 
theory of formal integrability of quantum PDE's, see i?e/s. [55, 59, 67, 68, 69] In 
fact Yi and its prolongations (Yi)^r C JD^'^^^E), are subbundles of J D^^^{E) — ^ 
JD^'{E), r > 0. One can also see that the canonical maps iTr+i.r ■ {Yi)+r ^ 
(yi)+(r_x'), are surjective mappings. For example, for r ~ I, one has the following 
isomorphisms: 
(89) 

' dimBjD{E) = (4,4) 

Yi = X ^ dims, Yi = (4, 2) 
2 

JD^{E) =A'^xA'^x (1)8 dims, JD^{E) = (4,4,8) 
2 

< (yi)+i =A^xA^x (1)4 ^ dimB,(Yi)+i = (4,2,4) 

2 

Homz{Sl{TpM)-vTqE) = (1)« =^ dims^ Homz{Sl{TpM);vTqE) = (0,0,8) 
2 

((5i)+i),ey, - (^)' ^ dimB,((.gi)+i)^^^. = (0,0,4) 
dim_B2(Yi)+i 

Therefore, (Yi)+i — !■ (Yi), is surjective, and by iterating this process, we get that 
also the mappings {Yi)+r (^)+(r-i); r >Q, are surjective. We put (Yi)_|_(_i) = 
E. Thus Yi is a quantum regular quantum PDE, and under the hypothesis that A 
has a Noetherian centre, it follows that Yi is quantum S— regular too. Then, from 
Theorem 3.4 in [59], it follows that Yi is formally quantum integrable. Since it is 
quantum analytic, it is completely quantum integrable too. 

Definition 4.5. We define quantum extended crystal singular super PDE, a sin- 
gular quantum super PDE Ek C J^\n^W) that splits in irreducible components Ai, 

i.e., Ek — yjiAi, where each Ai is a quantum extended crystal super PDE. Simi- 
larly we define quantum extended 0-crystal singular PDE, (resp. quantum 0-crystal 
singular PDE ), a quantum extended crystal singular PDE where each component 
Ai is a quantum extended 0-crystal PDE, (resp. quantum 0-crystal PDE). 

Definition 4.6. (Algebraic singular solutions of quantun singular super PDE's). 
Let Ek C t^^inC^) be a quantum singular super PDE, that splits in irreducible 
components Ai, i.e., Ek = IJj Ai. Then, we say that Ek admits an algebraic singular 
solution V C Ek, ifVf]Ar = Vr is a solution (in the usual sense) in Ar for at 
least two different components Ar, say Ai, Aj, i ^ j , and such that one of following 
conditions are satisfied: (a) {ij}Ek = 1; H ^! (b) ^^■''^ Ek = Ai\^ Aj is a 

connected set, and (ij)Ek = 0. Then we say that the algebraic singular solution V 
is in the case (a), weak, singular or smooth, if it is so with respect to the equation 
(^ij)Ek. In the case (b), we can distinguish the following situations: (weak solution): 
There is a discontinuity in V , passing from Vi to Vj ; (singular solution); there is not 
discontinuity in V , but the corresponding tangent spaces TVi and TVj do not belong 
to a same n-dimensional Cartan sub- distribution of J^^<^{W), or alternatively TVi 



dims, Yi 



dimB2((.gi)+i) 



qeYi 
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and TVj belong to a same {m\n)- dimensional Cartan suh- distribution of J^^^{W), 
hut the kernel of the canonical projection (tt^.q)* : T J^^^^^iW) — >■ TW , restricted 
to V is larger than zero; (smooth solution): there is not discontinuity in V and 
the tangent spaces TVi and TVj belong to a same {m\n) -dimensional Cartan sub- 
distribution of J^^ni^) ^^^^ projects diffeomorphically on W via the canonical 
projection (tt^^o)* ■ ^'^m|„(W^) ~^ TW . Then we say that a solution passing through 
a critical zone bifurcate. 

Definition 4.7. (integral bordism for quantum singular super PDE's). Let C 
J^I^(W^) he a quantum super PDE on the fiber bundle tt : W M, dims ~ 
(m\n,r\s), dim^i M = m\n, B = A x E, E a quantum superalgebra that is also a 
Z-module, with Z = Z{A) the centre of A. Let iVi,A^2 C Ek C i,t.|ri(^) ^"^^ 
(m — |n — 1)- dimensional, (with respect to A), admissible closed integral quantum 
supermanifolds. We say that Ni algebraic integral bords with N2, if Ni and N2 
belong to two different irreducible components, say Ni C Ai, N2 C Aj, i ^ j, such 

that there exists an algebraic singular solution V C Ek with dV = A^i IJ N2 ■ 
In the integral bordism group ('^^^P- ^m-i\n-i,s' '^^^P- ^m-i\n-i,w) « 

quantum singular super PDE Ek C Jm\n(^)' ^^^^ algebraic class a class [N] G 
(resp. [N] en'^" , , resp. [N] G ,,), with N C A^, such 

that there exists a closed (m — — 1) -dimensional, (with respect to A), admissible 
integral quantum supermanifolds X (Z Ai C Ek, algebraic integral hording with N, 
i.e., there exists a smooth (resp. singular, resp. weak) algebraic singular solution 

V C Ek, with dV = N[jX. 

Tiieorem 4.8. (Singular integral bordism group of quantum singular super PDE). 
Let Ek = Uj^i *^ '^m|ri(^) quantum singular super PDE. Then under suit- 

able conditions, algebraic singular solutions intcgrability conditions, we can find 
(smooth) algebraic singular solutions bording assigned admissible closed smooth 
[m — l\n — 1) -dimensional, (with respect to A), integral quantum supermanifolds 
Nq and Ni contained in some component Ai and Aj, i ^ j ■ 

Proof. In fact, we have the following lemmas. 

Lemma 4.9. Let Ek ^ Ui '^m\ni^) quantum singular super PDE with 

(„-)i?fc = Atf]Aj ^ 0. Let us assume that M C i,^j|„(W^), A^ C Jl-,\JW) and 
(ij)Ek C j^^^niW) be formally integrable and completely integrable quantum super 
PDE's with nontrivial symbols. Then, one has the following isomorphisms: 

?n— l.u) m— l|n— 1,10 m — l\n—l,w m—l\n—l,s ?n— l.s m~l\n — l,s 

So we can find a weak or singular algebraic singular solution V C Ek such that 
dV = NoljNi, NoC A, Ni C Aj, iff Ni e [iVo] . 

Proof. In fact, under the previous hypotheses one has that we can apply Theorem 
2.1 in [58] to each component Ai, Aj and (ij)Ek to state that all their weak and 

^'^Note that the bifurcation does not necessarily imply that the tangent planes in the points 
of Vij C V to the components Vi and Vj, should be different. 
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singular integral bordism groups of dimension (m — l\n — 1) are isomorphic to 

Lemma 4.10. Let Ek = Ui -^i quantum 0-crystal singular PDE. Let ^"^^^ Ek = 

U Aj he connected, and {ij}Ek = Aif]Aj ^ 0. Then f^^^'lf |"„_i ^ = 0.^° 

Proof. In fact, let Y C {ij)Ek be an admissible closed (to — IjrT, — l)-dimensional 
closed integral quantum supermanifold, then there exists a smooth solution Vi <Z Ai 
such that dVi = iVoU^ and a solution Vj C Aj such that dVj =Y[jNi. Then, 
V = Vi Uy ^ is an algebraic singular solution of E^. This solution is singular in 
general. □ 

After above lemmas the proof of the theorem can be considered done besides the 
algebraic singular solutions integrability conditions. □ 



[7: 

[9 

[lo- 
in 

[12: 
[is: 

[u; 

[is: 
[16: 
[17: 
[is: 

[19 



References 

E. Abe, Hopf Algebras, Cambridge Univ. Press, Cambridge, 1980. 

R. P. Agarwal & A. Prastaro, Geometry of PDE's.III(I): Webs on PDE's and integral 
bordism groups. The general theory, Adv. Math. Sci. Appl. 17(1)(2007), 239-266. 
R. P. Agarwal & A. Prastaro, Geometry of PDE's. 111(11): Webs on PDE's and inte- 
gral bordism groups. Applications to Riemannian geometry PDE's, Adv. Math. Sci. Appl. 
17(1)(2007), 267-281. 

R. P. Agarwal & A. Prastaro, Singular PDE's geometry and boundary value problems, J. 
Nonlinear Conv. Anal. 9(3)(2008), 417-460; On singular PDE's geometry and boundary 
value problems, Appl. Anal. 88(8)(2009), 1115-1131. 

M. Atiyah, Topological quantum field theory. Pub. Math. Inst. Hautes Etudes Sci. 68( 1988), 
175-186; The Geometry and Physics of Knots, Cambridge University Press, Cambridge 
1990. 

J. M. Boardman, Singularities of differentiable maps. Pub. Math. Inst. Hautes Etudes Sci. 
33(1967), 21-57. 

N. Bourbaki, Theorie Spectrales, Hermann, Paris 1969 

R. L. Bryant, S. S. Chern, R. B. Gardner, H. L. Goldschmidt & P. A. CrifEths, Exterior 
differential systems. Springer- Verlag, New York, 1991. 

S. Cappel, A. Ranicki & J. Rosenberg (eds.), (1999), Surveys on Surgery Theory: Volume 
1, Papers dedicated to C. T. C. Wall, Princeton University Press, Princeton, New Jersey. 
M. Demuth & M. Krishna, Determining Spectra in Quantum Theory, Prog. Math. Phys. 
44, Birkhauser, Boston, 2005. 

B. de Witt, Supermanifolds, Cambridge Univers. Press, Cambridge 1986. 

P. M. A. Dirac, The Principles of Quantum Mechanics, Oxford University Press, London 

1958. 

N. Dunford & J. T. Shwartz, Linear Operators, Part II, Interscience, 1958. 

E. S. Fedorov, The Symmetry and Structure of Crystals. Fundamenta Works., Moscow 

(1949), 111-255. (In Russian). 

H. Goldshmidt, Integrability criteria for systems of non-linear partial differential equations, 
J. Differential Ceom. 1(1967), 269-307. 

H. Coldshmidt an& D. Spencer, Submanifolds and over-determined differential operators. 
Complex Analysis & Algebraic Geometry, Cambridge, 1977, 319-356. 

M. Golubitsky & V. Guillemin, Stable Mappings and Their Singularities, Springer- Verlag, 
New York, 1973. 

M. B. Green, J. H. Schwarz &; E. Witten, Superstring Theory. Vols. 1 and 2, Cambridge 
University Press, Cambridge (1987), (Cambridge Monographs Math. Phys.). 
M. Gromov, Partial Differential Relations, Springer- Verlag, Berlin, 1986. 



'^'^But, in general, it is f2 ^^t" , 7^ 0. 

' ' m — l|n— 1 ~ 



QUANTUM EXTENDED CRYSTAL PDE'S 



41 



[20] T. H. Gronwall, Note on the derivative with respect to a parameter of the solutions of a 

system of differential equations, Ann. of Math. 20(1919), 292-296. 
[21] Th. Hahn, International Tables for Crystallography. Volume A: Space-groups Symmetry, 

Springer, 2006. 

[22] M. W. Hirsh, Differential Topology, Springer- Verlag, Berlin, 1976. 

[23] D. H., Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. USA 
27(1941), 222-224. 

[24] T. Kato, Perturbation Theory for Linear Operators, second edition, Springer- Verlag, Berlin, 
1976. 

[25] H. H. Keller, Differential Calculus in Locally Convex Spaces, Lecture Notes in Math. 417, 

1974, Springer- Verlag, Berlin. 
[26] I. S. Krasilshchik, V. Lychagin & A. M. Vinogradov, Geometry of Jet Spaces and Nonlinear 

Partial Differential Equations, Gordon and Breach Science Publishers S.A., Amsterdam 

1986. 

[27] M. Kuranishi, On E. Cartan's prolongation theorem of exterior differential systems, Amer. 

J. Math. textbf79(1957), 1-47. 
[28] M. Kuranishi, Lectures on exterior differantial systems, Tata Inst. Fund. Res. Stud. Math., 

1962. 

[29] M. Kuranishi, Sheaves defined by deformation theory of pseudogroup structures, Amer. J. 

Math. 86(1964), 379-391. 
[30] M. Kuranishi, Lectures on involutive systems. Publications Institute Mathematics, Sao 

Paolo, 1969. 

[31] H. I. Levine, The singularities of Sf, 111. J. Math. 8(1964), 152-168. 
[32] H. I. Levine, Elimination of cusps. Topology 3(1965), 263. 

[33] P. Libermann, Introduction a I'etude de certaines systemes differentiels. Lecture Notes 
in Math., Springer- Verlag, Berlin 792(1979), 363-382; Remarques sur les systemes 
differentielles, Cah. Topol. Geom. Differ. Catcg. 23(1982), 55-72. 

[34] A. M. Ljapunov, Stability of Motion, with an contribution by V. A. Pliss and an introduction 
by V. P. Basov. Mathematics in Science and Engineering, 30, Academic Press, New York- 
London, 1966. 

[35] V. Lychagin and A. Prastaro, Singularities of Cauchy data, characteristics, cocharacteristics 

and integral cobordism. Differential Geom. Appl. 4(1994), 287-300. 
[36] I. B. Madsen & R. J. Milgram, The Classifying Spaces for Surgery and Bordism of Manifolds, 

Ann. Math. Studies, Princeton Univ. Press, NJ, 1979. 
[37] Yu. Manin, Topics in Noncommutative Ceometry, Princeton University Press, Princeton, 

NJ., 1991. 

[38] J. N. Mather, Stability of C°° mappings. I: The division theorem, Ann. of Math. 
87(1)(1968), 89-104. 

[39] J. N. Mather, Stability of C°° mappings. II: Infinitesimal stability implies stability, Ann. of 

Math. 87(2)(1969), 254-291. 
[40] J. N. Mather, Stability of C°° mappings. Ill: Finitely determined maps germs, Publ. Math. 

Inst. Hautes Etudes Sci. 35(1968), 127-156. 
[41] J. N. Mather, Stability of C°° mappings. IV: Classification of stable germs by R-algebras, 

Publ. Math. Inst. Hautes Etudes Sci. 37(1969), 223-248. 
[42] J. N. Mather, Stability of C°° mappings. V: Transversality, Adv. Math. 4(3)(1970), 301- 

336. 

[43] J. McCleary, User's Guide to Spectral Sequences, Publish or Perish in., USA 1985. 

[44] J. C. McConnel &c J. C. Robson, Noncommutative Noetherian Rings, Amer. Math. Soc, 

Graduate Stud. Math, 30, Providence, Rhode Island, USA, 2001, 636 pp. 
[45] J. Milnor & J. Stasheff, Characteristic Classes, Ann. Math. Studies 76, Princeton Univ. 

Press, 1974. 

[46] J. von Neumann, The Mathematical Foundations of Quantum Mechanics, Investigations in 
Physics 2, Princeton University Press, Princeton, 1955. 

[47] R. S. Palais, Manifolds of sections of the fiber bundles and the calculus of variations. Nonlin- 
ear Functional Analysis, Amer. Math. Soc, Providence, R.I. (1970), 195-205; Foundations 
of Global Non-linear Analysis, W. A. Benjamin Inc., New York- Amsterdam, 1968, 131 pp. 

[48] W. Plesken & M. Pest, On maximal finite irreducible subgroup of GL{n,Z), I, II, Math. 
Computation 31 (1977), 536-551; 552-573. 



42 



AGOSTINO PRASTARO 



[49] A. Prastaro, On the general structure of continuum physics. I: Derivative spaces, Boll. 
Unione Mat. Ital. 5(17-B)(1980), 704—726; On the general structure of continuum physics. II: 
Differential operators, Boll. Unione Mat. Ital. 5(S-FM)(1981), 69—106; On the general struc- 
ture of continuum physics. Ill: The physical picture, Boll. Unione Mat. Ital. 5(S-FM)(1981), 
107-129. 

[50] A. Prastaro, Gauge Geometrodynamics, Riv. Nuovo Cimcnto 5(4) (1982), 1-122. 

[51] A. Prastaro, Dynamic conservation laws, Geometrodynamics Proceedings 1985, A. Prastaro 

(ed.). World Scientific Publishing Co., Singapore, 1985. 
[52] A. Prastaro, Cobordism of PDE's, Boll. Unione Mat. Ital. 30(5-B)(1991), 977-1001. 
[53] A. Prastaro, Quantum geometry of PDE's, Rep. Math. Phys. 30(3)(1991), 273-354. 
[54] A. Prastaro, Geometry of super PDE's., Geometry in Partial Differential Equations, A. 

Prastaro and Th. M. Rassias (eds.). World Scientific Publishing Co., Singapore (1994), 

259-315. 

[55] A. Prastaro, Geometry of quantized super PDE's, Amer. Math. Soc. Transl. 167(2) (1995), 
165-192. 

[56] A. Prastaro, Quantum geometry of super PDE's, Rep. Math. Phys 37(1)(1996), 23-140. 
[57] A. Prastaro, Geometry of PDEs and Mechanics, World Scientific Publishing Co., Singapore, 
1996. 

[58] A. Prastaro, (Go)bordisms in PDE's and quantum PDE's, Rep. Math. Phys. 38(3)(1996), 
443-455. 

[59] A. Prastaro, Quantum and integral (co)bordism groups in partial differential equations. Acta 

Appl. Math. 51(3) (1998), 243-302. 
[60] A. Prastaro, (Co)bordism groups in PDE's, Acta Appl. Math. 59(2)(1999), 111-202. 
[61] A. Prastaro, (Co)bordism groups in quantum PDE's, Acta Appl. Math. 64(2/3)(2000), 

111-217. 

[62] A. Prastaro, Quantum manifolds and integral (co)bordism groups in quantum partial dif- 
ferential equations, Nonlinear Anal. 47/4(2001), 2609-2620. 

[63] A. Prastaro, Quantized Partial Differential Equations, World Scientific Publishing Co., 2004. 

[64] A. Prastaro, Quantum super Yang-Mills equations: Global existence and mass-gap, (eds. G. 
S. Ladde, N. G. Madhin & M. Sambandham), Proceedings Dynamic Systems Appl. 4(2004), 
227-234. 

[65] A. Prastaro, Geometry of PDE's. I: Integral bordism groups in PDE's, J. Math. Anal. Appl. 
319(2006), 547-566. 

[66] A. Prastaro, Geometry of PDE's. II: Variational PDE's and integral bordism groups, J. 
Math. Anal. Appl. 321(2006), 930-948. 

[67] A. Prastaro, Geometry of PDE's. IV: Navier-Stokes equation and integral bordism groups, 
. Math. Anal. Appl. 338(2)(2008), 1140-1151. 

[68] A. Prastaro, Conservation laws in quantum super PDE's, Proceedings of the Conference 
on Differential & Difference Equations and Applications, (eds. R. P. Agarwal & K. Perera), 
Hindawi Publishing Corporation, New York (2006), 943-952. 

[69] A. Prastaro, ( Go)bordism groups in quantum super PDE's. I: Quantum supermanifolds, Non- 
linear Anal. Real World Appl. 8(2)(2007), 505-533. 

[70] A. Prastaro, (Co)bordism groups in quantum super PDE's. II: Quantum super PDE's, Non- 
linear Anal. Real World Appl. 8(2)(2007), 480-504. 

[71] A. Prastaro, (Co)bordism groups in quantum super PDE's. Ill: Quantum super Yang-Mills 
equations. Nonlinear Anal. Real World Appl. 8(2)(2007), 447-479. 

[72] A. Prastaro, (Un)stability and bordism groups in PDE's, Banach J. Math. Anal. 1(1)(2007), 
139-147. 

[73] A. Prastaro, Extended crystal PDE's. arXiv.0811.3693. 

[74] A. Prastaro, Extended crystal PDE's stability. I: The general theory, Math. Comput. Mod- 
elling 49(9-10) (2009), 1759-1780. 

[75] A. Prastaro, Extended crystal PDE's stability. II: The extended crystal MHD-PDE's, Math. 
Comput. Modelling 49(9-10)(2009), 1781-1801. 

[76] A. Prastaro, On the extended crystal PDE's stability. I: The n-d'Alembert extended crystal 
PDE's, Appl. Math. Comput. 204(1)(2008), 63-69. 

[77] A. Prastaro, On the extended crystal PDE's stability .II: Entropy-regular-solutions in MHD- 
PDE's, Appl. Math. Comput. 204(1)(2008), 82-89. 



QUANTUM EXTENDED CRYSTAL PDE'S 



43 



[78] A. Prastaro, On quantum black-hole solutions of quantum super Yang-Mills equations, Pro- 
ceedings Dynamic Systems Appl. 5(2008), 407-414. 

[79] A. Prastaro, Surgery and bordism groups in quantum partial differential equations. I: The 
quantum Poincare conjecture, Nonlinear Anal. Theory Methods Appl. 71(12)(2009), 502- 
525. 

[80] A. Prastaro, Surgery and bordism groups in quantum partial differential equations. II: Vari- 
ational quantum PDE's, Nonlinear Anal. Theory Methods Appl. 71(12){2009), 526-549. 

[81] A. Prastaro, Quantum extended crystal super PDE's, arXiv: 0906.1363[math.AT]. 

[82] A. Prastaro & Th. M. Rassias, A geometric approach to an equation of J.d'Alembert, 
Proc. Amer. Math. Soc. 123(5) (1995), 1597-1606: A geometric approach of the generalized 
d'Alembert equation, J. Comput. Appl. Math. 113(1-2) (2000), 93-122. 

[83] A. Prastaro & Th. M. Rassias, Ulam stability in geometry of PDE's, Nonlinear Funct. Anal. 
Appl. 8 (2) (2003), 259-278. 

[84] A. Prastaro & T. Regge, The group structure of supergravity, Ann. Inst. H. Poincare Phys. 
Theor. 44(1)(1986), 39-89. 

[85] D. Quillen, Elementary proofs of some results of cobordism theory using Steenrod operators. 
Adv. Math. 7(1971), 29-56. 

[86] M. S. Raghunathan, Discrete Subgroups of Lie Groups, Springer- Verlag, New York, 1972. 

[87] J. J. Rotman, An Introduction to Homological Algebra, Academic Press, San Diego, 1979. 

[88] Y. B. Rudyak, On Thom Spectra, Orientability and Cobordism, Springer- Verlag, Berlin 
1998. 

[89] A. Schonilies, Krystallsysteme und Kristallstruktur, Teubner (1891). 

[90] R. L. E. Schwartzenberger, N -Dimensional Crystallography, Pitman (1980). 

[91] D. C. Spencer, Determination of structures on manifolds defined by transitive continuous 

pseudogroups, I. II. III., Ann. of Math. 7(1965), 51-114. 
[92] D. C. Spencer, Overdetermined systems of linear partial differential equations. Bull. Amer. 

Math. Soc. 75(1969), 79-239. 
[93] R. E. Stong Notes on Bordism Theories, Ann. Math. Studies. Princeton Univ. Press 1968. 
[94] D. Sullivan, Rene Thom's work on geometric homology and bordism. Bull. Amer. Math. 

Soc. 41(3)(2004), 341-350. 
[95] T. Sunada, Crystals that Nature might miss creating. Notices Amer. Math. Soc. 

55(2) (2008), 209-215. 
[96] M. E. Sweedler, Hopf Algebras, Benjamin, New York, 1969. 

[97] R. Switzer, Algebraic Topology-Homotopy and Homology, Springer- Verlag, Berlin 1975. 
[98] F. Takens, A global version of the inverse problem of the calculus of variations, J. Differential 

Geom. 14(4) (1979), 543-562. 
[99] R. Thom, Quelques propriete globales des varietes differentieles. Comm. Math. Helv. 

28(1954), 17-86. 

[100] R. Thom, Remarques sur les problemes comportant des inequalities differentielles globales. 

Bull. Soci. Math. France 87(1954), 455-468. 
[101] R. Thom, Les singularites des applications differentiables, Ann. Inst. Fourier(Grenoble) 

6(1955-56), 43-87. 

[102] S. M. Ulam, A collection of Mathematical Problems, Interscience Publ., New York, 1960. 

[103] P. van Nicuvwenhuizen, Supergravity, Phys. Rep. 68(4)(1981), 189-39. 

[104] C. T. C. Wall, Determination of the cobordism ring, Ann. of Math. 72(1960), 292-311. 

[105] C. T. C. Wall, Surgery on Compact Manifolds, London Math. Soc. Monographs 1, Academic 
Press, New York, 1970; 2nd edition (ed. A. A. Ranicki), Amer. Math. Soc. Surveys and 
Monographs 69, Amer. Math, soc, 1999. 

[106] J. Wess & J. Bagger, Supersymmetry and Supergravity, Princeton Series in Physics, Prince- 
ton University Press, Princeton, New Jersey, 1983. 

[107] P. West, Introduction to Supersymmetry and Supergravity, World Scientific Publishing Co., 
Singapore, 1986. 

[108] H. Weyl, The Theory of Croups and Quantum Mechanics, University Press, Princeton, 
N.Y., 1931. 

[109] J. A. Wheeler, On the nature of quantum geometrodynamics, Ann. Phys. 2(1957), 604-614. 
[110] E. Witten, Supersymmetric Yang-Mills theory on a four-manifold, J. Math. Phys. 35(1994), 
5101-5135. 



